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Abstract:

International comparisons of the purchasing power of currencies and real income
across countries often use as building blocks bilateral comparisons between all pos-
sible pairs of countries. These bilaterals are then combined to obtain the overall
global comparison. One problem with this approach is that some of the bilateral
comparisons are typically of lower quality, and their inclusion therefore can under-
mine the integrity of the global comparison. Formulating multilateral comparisons
as a graph theory problem, we show how quality can be improved by replacing bilat-
eral comparisons with their shortest path spatially chained equivalents. We consider
a number of different ways in which this can be done, and illustrate these methods
using data from the 2011 round of the International Comparisons Program (ICP).
Using bilateral bounds criteria applied in a novel way, we demonstrate how spatial
chaining improves the quality of the overall global comparison. (JEL: C43; E31;
0A47)
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1 Introduction

International comparisons of prices and real income across countries are used to moti-
vate and test theories of international trade, growth, development, and convergence. The
results affect the measurement of poverty and global inequality, and government bud-
get contributions to international organizations, international relations and environmental
policies.

The main coordinator of such comparisons at the global level, based on micro-level
data, is the International Comparisons Program (ICP). ICP is a huge undertaking coordi-
nated by the World Bank in collaboration with the Organization for Economic Cooperation
and Development (OECD), Eurostat, International Monetary Fund (IMF) and United Na-
tions (UN). It compares the purchasing power of currencies and real income of almost all
countries in the world (see Deaton and Heston 2010). Its results are used in the construc-
tion of the Penn World Table (probably the most widely used data set in the economics
profession), the World Development Indicators published by the World Bank, the World
Economic Outlook published by the IMF, and the Human Development Index (HDI) pub-
lished by the United Nations Development Program (UNDP). The World Bank uses the
ICP results to measure regional and global poverty, providing estimates of the number
of people living on less than US$1 or $2 per day, and by the World Health Organization
(WHO) and United Nations Educational, Scientific and Cultural Organization (UNESCO)
to compare expenditures on health and education respectively across countries (see Rao
2013). ICP results are also used by the IMF when computing its special drawing rights
(SDRs)— which determine budget contributions and voting power (see Silver 2010).

Since 2005, ICP uses the GEKS method (see Gini 1931, Elteto-Kéves 1964, and Szulc
1964) to compare prices and real income across countries. GEKS is also used by the
OECD in its triennial comparisons (see World Bank 2008), and by Eurostat in its annual
comparisons (see Eurostat 2012). The building blocks of the GEKS method are bilateral
Fisher price index comparisons between all possible pairs of countries. The GEKS formula

then averages these Fisher indexes to obtain a set of internally consistent (i.e. transitive)

'With regard to the latter, projections of greenhouse gas emissions depend on estimates of global
inequality and projections of future convergence (see Castles and Henderson 2004).



multilateral price indexes. Each bilateral comparison is given equal weight in the GEKS
transitivization formula.

A total of 156 countries participated fully in the most recent round of ICP in 2011.2
A sample of 156 countries yields a total of 12090 distinct bilateral comparisons between
pairs of countries. GEKS gives equal weight to each of these in determining the overall
results. Some of these 12090 bilateral comparisons, however, are likely to be more reliable
than others (see Aten and Heston 2009). It should therefore be possible to improve on
GEKS by either excluding less reliable bilateral comparisons, or by giving greater weight
to those bilaterals that are deemed more reliable. The question is how best to do this?

When attempting to answer this question it is useful to reinterpret international
comparisons in a graph theory setting. Each country is denoted by a vertex and each
bilateral comparison by an edge connecting two vertices. In a comparison between K
countries, the minimum number of bilaterals (represented by edges) needed is K — 1
configured as a spanning tree (i.e. the K —1 edges connect the K vertices without creating
any cycles). Hill (1999) proposes a method based on minimum spanning trees (MSTs)
along these lines. Hill’'s MST method, however, is too extreme in terms of the information
it discards, and is generally not robust to slight changes in the data or the distance metric
formula.

What is needed is a method that lies somewhere in between the GEKS and MST
methods. More reliable bilateral comparisons should be given greater weight, but the
weighting scheme should not be as extreme as that employed by the MST method, which
effectively gives K — 1 bilaterals a weight of 1 and all others a weight of zero.

Such an “in-between” method already exists: namely the weighted-GEKS method of
Rao (1999, 2009). Rao shows that GEKS is a special case of weighted-GEKS. We show
here in section 3 that the same is true of the MST method.

The problem with weighted-GEKS is that it requires cardinal weights to be assigned
to each bilateral comparison, and it is not clear how much weight should be given to one

bilateral comparison versus another.

2A number of other countries, including many Caribbean and Pacific islands, also participated in a
limited way in ICP 2011 (see International Comparisons Program 2013)



We show how this problem can be resolved by combining weighted-GEKS with spatial
chaining methods. Consider the question of how best to make a bilateral comparison
between a pair of countries? The standard answer is that the best way is a direct bilateral
price index comparison. One can imagine situations, however, where indirect comparisons
could be useful. For example, it might be preferable to compare the USA and Pakistan
indirectly via Turkey rather than directly. Such indirect comparisons across space are
what we mean by spatial chaining.

In time series comparisons it is well recognized that chronologically chained com-
parisons are often preferred to direct comparisons, on the grounds that chaining reduces
the sensitivity of the comparison to the choice of price index formula. For example, it is
quite standard say to compare 2010 and 2015 by chaining through 2011, 2012, 2013, and
2014. No such natural ordering, though, exists for spatial comparisons. Given a suitable
distance metric, however, we show that spatial paths between pairs of countries can be
constructed that reduce the price index variance. In some cases the shortest path is a
direct comparison.

It follows that one way to potentially improve on GEKS is to replace all direct bilat-
erals by their shortest path equivalents, prior to application of the GEKS transitivization
formula. A second approach is to construct a shortest path spanning tree for each country
and then combine these spanning trees to construct a weights matrix for insertion into the
weighted-GEKS formula. We consider two different ways in which this can be done. The
first takes the union of the shortest path spanning trees. In this case, the weights matrix
consists of zeroes and ones, where a particular bilateral gets a weight of one if it appears in
any of the shortest path spanning trees, and zero otherwise. The second weighting scheme
sets the weight on a bilateral equal to the number of times it appears in the shortest path
spanning trees. We also consider the Afriat multilateral index proposed by Dowrick and
Quiggin (1997) which, although different in its conception, is closely related to one of the
spatial chaining methods proposed here.

All three of our shortest path methods delete the most egregious bilateral comparisons
and replace them with their shortest path equivalents, thus improving the overall quality

of the multilateral comparison. While a distance metric is still required to compute the



shortest paths, the weights in the GEKS or weighted GEKS formula emerge naturally
from the shortest paths. Hence the main weakness of weighted GEKS — the arbitrariness
in the choice of weights — is avoided. We compare GEKS, the MST method, and our three
spatial chaining methods empirically using ICP 2011 data. The sensitivity of the results
to the choice of multilateral method and distance metric is assessed. In some cases, the
differences are quite substantial and economically significant.

One further problem is developing criteria to establish which method is performing
best. We take a novel approach to this question by focusing on the bilateral comparisons
subsumed within a broader multilateral comparison, and specifying bounds for these bi-
laterals. In the case of ICP 2011, as was noted above, there are 12090 such bilaterals.
The performance of each method can then be measured by counting how many of these
bilaterals satisfy the bounds. We also consider bounds derived from an approach devel-
oped by Afriat (1967, 1981). Using these bounds criteria, we find that all three of our
spatial chaining methods outperform GEKS when the distance metric used belongs to the
weighted relative price dissimilarity (WRPD) class.

The remainder of the paper is structured as follows. In section 2 we outline the
GEKS and weighted-GEKS methods. In section 3 we introduce our distance metrics,
explain the MST method and show that it is a special case of weighted GEKS. Section 4
focuses on shortest paths and introduces our shortest path variants on GEKS and weighted
GEKS. Section 5 explains Afriat’s approach to spatial chaining, and the derivation of Afriat
bounds and the Afriat multilateral index. Section 6 provides some information about the
underlying architecture of ICP 2011. Section 7 applies the multilateral methods discussed
in sections 2-5 to ICP 2011 data. Our performance bounds criteria are explained in
section 8, and then they are used to evaluate the competing multilateral methods. Section

9 summarizes our main findings.



2 The GEKS and Weighted-GEKS Methods

2.1 The problem of intransitivity in multilateral comparisons

The bilateral price index literature focuses on the problem of finding the best price index
formula for measuring the difference in the price level between two time periods or countries
7 and k. Henceforth we will assume that j and k£ denote countries. Two ways of answering
this question are provided by the economic approach (see Diewert 1976, 1999) and the
axiomatic approach (see Balk 1996 and Diewert 1999) to index numbers. Both end up
favoring the same formulas (Fisher, Térnqvist, Walsh and Sato-Vartia). Empirically these
formulas tend to approximate each other closely, and hence for most data sets it does not
matter much which is actually used (see Diewert 1978). Here we will focus mainly on the
Fisher price index PJF .- Fisher, which is the geometric mean of Paasche Pf,'; and Laspeyres

PL is defined as follow:

Jk?
N N
j J N N
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where n = 1,..., N indexes the headings over which the comparison is being made (e.g.,

bread, cereal, rice, milk, etc), and p, denotes the price and g, the quantity purchased of
heading n in country k.
As soon as the comparison is extended to three or more countries (i.e., the comparison

switches from being bilateral to multilateral) we have a whole matrix of Fisher price

indexes:
1 P, - Pl
PF 1 PF
F=| > 2 2)
PI§,1 Pflg,z T 1

The lead diagonal of F' consists of ones since when a country is compared with itself
the price index must equal one (i.e., Py = 1 for all k). All superlative price index

formulas (including Fisher and Térnqvist) satisfy the country reversal test, which states



that P12 = 1/P12.3

An extra requirement of transitivity arises in multilateral comparisons:
Pji = Pjg X Pry,

where P;; denotes a price index comparison between countries j and &, and [ denotes a
third country. Transitivity is required to obtain an internally consistent set of multilateral
results.

All bilateral price index formulas that are functions of the price and quantity vectors
of only the two countries being compared are intransitive, except in certain special cases
such as when the quantity or expenditure weights all equal one (see van Veelen 2002). One

solution to this problem is provided by the GEKS transitivization formula.

2.2 The GEKS Method

A number of approaches exist in the price index literature for obtaining transitive mul-
tilateral price indexes (see Balk 1996, Hill 1997, and Diewert 1999). The GEKS method
starts from the premise that the best comparison between a pair of countries is a bilateral
comparison. It alters the matrix of bilateral Fisher price indexes by the logarithmic least
squares amount necessary to impose transitivity. Algebraically, this least squares problem

can be written as follows:

I I
ming pwp, 3 Y (0P —InP; —1In Pfy)?, (3)

j=1 k=1

where P, denotes a multilateral price index for country k, and the normalization P, = 1
is imposed. The solutions, In Pj, In P, are the ordinary least squares (OLS) estimators of

In P;,In P, in the regression model:

In Pl =In P, — In Pj + ¢, (4)

3The concept of a superlative price index is defined in Diewert (1976, 1978).



where €;, is a random error term.

The GEKS price indexes take the following form:

11
PGEKS 1 P
RS = H = ; (5)
P pPF
J i=1 2y}
where PEEES denotes the GEKS price index for country k, and ¢ = 1,...,I indexes

the countries included in the multilateral comparison. While the GEKS transitivization
formula is usually applied to Fisher price indexes, it has also been applied to Tornqvist
price indexes (see Caves, Christensen, and Diewert 1982).

The GEKS formula can also be derived from a graph theoretic perspective. An
undirected graph consists of a set of vertices and edges, where each edge connects two
vertices. Some examples of undirected graphs (i.e., where the edges do not have directional
arrows) defined on the set of five vertices are shown in Figure 1. In our context, the vertices
corresponds to countries in the comparison, and the edges to bilateral comparisons between
two countries. A star comparison shown in Figure 1 places one country (say country i) at
the center of a star graph and then makes bilateral comparisons between all other countries
and country i. The price indexes now take the following form:

star—i F

Py B Pi,k (©)
star—i Fo

PR

where P ~" denotes the price index for country k obtained when country i is placed at

th t f the star. .
¢ can’now be séen that GEKS takes the geometric mean of K sets of results, each

having a different country at the center of the star graph. Since Fisher satisfies the country
reversal test, there is no need to specify directional arrows on the edges in the star graph.
The GEKS method therefore treats all countries symmetrically. In a comparison
between K countries there are a total of K (K — 1)/2 bilateral comparisons. GEKS gives
equal weight to each of these bilateral comparisons when calculating the overall multilateral
(i.e., transitive) results.
A problem with such an approach is that some bilateral comparisons are more reliable

than others. As was noted in section 1, given that each region in ICP uses its own product



Figure 1: Examples of Graphs

Star Graph Complete Graph

Chain Graph

list, bilateral comparisons between countries in the same region are generally more reliable
since at least then we can be more confident that the countries have been pricing most of
the same products. Furthermore, countries in the same region tend to be more similar in
their economic structures, thus making them easier to compare. For example, the countries
in the OECD-Eurostat region are predominantly richer and more advanced.

To put it another way, the inclusion in GEKS of bilateral comparisons between coun-
tries from different ICP regions and with very different economic structures (e.g., Peru-
Saudi Arabia or Japan-Tajikistan) can undermine the integrity of the overall results. We

consider in what follows some alternative ways of dealing with this problem.

2.3 The Weighted-GEKS Method

The weighted-GEKS method (see Rao 1999, 2009) and Rao and Timmer (2003) gives

greater weight to those bilateral comparisons that are deemed more reliable. It is an



extension of (3) that solves a weighted version of the logarithmic least squares problem:

K
. 2
miny, p; In p, E E wjy, (In Py, — ij) ;

K
k=1

Jj=1

where the weights, wj;, measure the reliability of the bilateral comparison between coun-

tries j and k. This amounts to assuming that the errors are heteroscedastic as follows:
var(ej) = 0wy, for j #k. (7)

The choice of the weights formula is discussed in section 3. The complete matrix of weights
is denoted here by W. The matrix W is symmetric with zeros on the lead diagonal.
Also, if a particular bilateral comparison is assigned a weight of zero, in equation (7) this
comparison should be interpreted as having an infinite variance. Hence it plays no part in

the determination of the weighted-GEKS price indexes.

0 W12 WK
W — W21 0 W2k (8)
wg1 Wgg - 0

The weighted-GEKS prices indexes, P, can be estimated using OLS once the model

has been transformed as follows:

VWi In Pl = \/wjIn Py — \/we In P; + €y.. (9)

This approach is akin to an M-estimator that estimates parameters by minimizing a
weighted sum of squares irrespective of the covariance matrix of the disturbances (see

for example Wooldridge 2002, chapter 12).



OLS log price indexes on the transformed model are calculated as follows:

-1

K K F

In P, Dy Wy —wag oo —Wk — Do Woj In Py
In P. —w SE wy - —w — % ws; In PE
3 . 32 j=1 ¥3j 3K j=1 ¥3j 35

K K F

In P —WK2 —WK3 23:1 Wik - Ej:l W In PKj

(10)

The price index for country 1, P, is again normalized to 1. In the case where w;;, = w for
all j, k, the weighted-GEKS method reduces to the standard GEKS formula in (5).

In sections 3 and 4 we will consider some ways in which spatial chaining can be used

to determine the weights in (8).

3 Distance Metrics and Minimum-Spanning Trees

3.1 Distance metrics for measuring the reliability of bilateral

comparisons

Let Djj, denote a distance metric for measuring the reliability of a bilateral comparison
between a pair of countries j and k. The smaller the value of Dj; the more reliable the
bilateral comparison is deemed to be. We consider below some axioms for Dj.

Al: D;; =0;

A2: Dj, = Dj;

A3: Dy, > 0;

A4: Dy, = 0 when pg; = Ap;,; for all i, (where A > 0 is a scalar); A5: Dj; = 0 if and only
if pri = Apj; for all 4;

A1 implies that if a country is compared with itself we know the result with certainty.
The price index must equal 1. A2 implies that the way the countries are ordered does not
affect the reliability of the comparison. A3 implies that the distance metric is bounded from
below by zero. A4 states that maximum reliability is assigned to bilateral comparisons that

satisfy the Hicks (1946) aggregation conditions, while A5 states that maximum reliability

10



is assigned if and only if the Hicks (1946) aggregation condition is satisfied.
Here we focus on four distance metrics. The first is the Laspeyres-Paasche spread

defined as follows:

: (11)

where PJZ and PJLk are Paasche and Laspeyres price indexes defined in (1).%
The remaining three metrics are all examples of weighted relative price dissimilarity

(WRPD) measures denoted by W1, W2, W3, and W4 (see Diewert 2002, 2009).

N N 2 PE x 2
Sjn Skn Pk.n ik J,n
Wi = LR -1 ——— =1 12

n=1
PE xpin
Fpk,n + ik p]7 ) ’ (13)
Pj X Djn Dk,n

N
3'n+5 n
Wij:Z{( g, . k)
2
Pk
O : (14)
<Pﬁ><pm)]

n=1
where s;,, denotes the expenditure share of heading n in country j, and Pﬁ,, in (14), is the

N
Sim + Sk
ngkzz (% 2 k)

n=1

Tornqgvist price index formula defined as follows:

Sj’n+sk7n

N
T Pk.n 2
PL=1] (—
pj,n

n=1

While in general we prefer to use Fisher over Térnqvist in the WRPD formula (since
Fisher satisfies the factor reversal test while Tornqvist does not — see for example Diewert
1976), we make an exception in W3. This is because when To6rnqvist is used, W3 can
be interpreted as the weighted variance of the log price relatives. In practice, the choice
between Fisher and Tornqvist in the WRPD formulas has virtually no impact on our
empirical results in sections 7 and 8.

The WRPD metrics satisfy all five axioms, while LPS violates A5. This is because

4The ratio of a Laspeyres price index divided by a Paasche price index is equal to the ratio of a Laspeyres
quantity index divided by a Paasche quantity index. Hence thus distance measure could equally well be
defined in terms of quantity indexes.
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Dj; = 0 under LPS when the Leontief (1936) aggregation conditions are satisfied (i.e.,
Qri = pg;; for all ¢, where p > 0 is a scalar). Alternatively, it is possible that D, =
0, under LPS, even when neither the Hicks or Leontief conditions are satisfied. In an
international comparisons context, the price data are generally less affected by noise than
the expenditure data. For this reason, given the objective of ranking bilateral comparisons

in terms of reliability, we focus on the Hicks aggregation condition. This leads us to prefer

the three WRPD metrics over LPS.

3.2 Spanning trees and minimum spanning trees

A spanning tree is a graph in which all the vertices are connected and only one path exists
between each pair of vertices. In our context again each vertex denotes a country, and an
edge linking two vertices a bilateral comparison between two countries. Some examples
of spanning trees defined on the set of 5 vertices are given in Figure 2. A spanning tree
defined on K countries contains exactly K — 1 edges. A total of K%~2 different spanning
trees can be defined on a set of K countries. The minimum spanning tree is the one with
the minimum sum of weights on the edges, where the weights in our context are defined
as the distance metrics LPS or one of the WRPD metrics. In other words, unlike with

weighted GEKS, lower weights are desirable in this context.

Figure 2: Examples of Spanning Trees

® [ L 4 @
o —————0
[ [ @ @ L ]

The minimum spanning tree can be computed using Kruskal’s algorithm, which at
each iteration selects the edge with the smallest weight subject to the constraint that its

inclusion in the graph does not create a cycle.” The selection of edges continues until

5We assume there are no ties. In the presence of ties, the computation of the minimum spanning tree

12



K — 1 have been selected. At this point the K countries are connected and hence it is
no longer possible to add another edge without creating a cycle. The selected graph is
the minimum spanning tree (see Kruskal 1956). The minimum spanning tree therefore is
invariant to monotonic transformations of the weights, and hence is determined by the
ordinal rankings of the weights on the edges.

Hill (1999) proposes LPS as a distance metric for computing the minimum-spanning
tree, and then chains Fisher price indexes across the minimum-spanning tree to obtain a

set of multilateral price indexes.

3.3 Examples of minimum spanning trees

The empirical comparisons using ICP 2011 data in section 7 include 156 countries. Span-
ning trees defined on 156 countries are hard to visually interpret. As an illustrative exam-
ple, therefore, we provide here minimum spanning trees computed using the LPS and W1
metrics for a sample of 14 countries drawn from all six participating regions in ICP 2011.
The countries included are: 1 = AUS (Australia); 2 = BRA (Brazil); 3 = DEU (Germany);
4 = IND (India); 5 = JPN (Japan); 6 = KAZ (Kazakhstan); 7 = MAR (Morocco); 8 =
NGA (Nigeria); 9 = PER (Peru); 10 = RUS (Russia); 11 = SAU (Saudi Arabia); 12 =
THA (Thailand); 13 = TZA (Tanzania); 14 = USA (United States).

The minimum spanning trees are shown in Figure 3. Only six of the 13 edges are
common to both minimum spanning trees. If the set of countries is more similar (e.g., all
European) then it is probable that the number of common links would be even lower. This
example illustrates two problems with the MST method. First, it is not very robust to
changes in the distance metric. Also Hill (1999) shows that it is not stable over time (i.e.,
from one cross-section to the next). Second, some of the chain paths within the minimum
spanning tree are long and not necessarily plausible. Consider for example the path from
Nigeria (NGA) to Saudi Arabia (SAU) under the W1 WRPD metric. It is partly for these
reasons that we think shortest paths (discussed in section 4) have more potential than

minimum spanning trees with regard to spatial chaining.

is more complicated. In our empirical comparison we use enough decimal places to ensure that ties do not
arise.
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Figure 3: Minimum Spanning Trees — 14 Country Example (ICP 2011)

o ]
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(b) W1 WRPD Metric

3.4 Chaining across a spanning tree using the weighted GEKS

formula
A spanning tree defined on K countries can be represented as a symmetric weights matrix
W with zeroes on the lead diagonal, and 2( K —1) elements that take the value one, and the

rest the value zero. For example, the matrix representation of the W1 minimum spanning

tree in Figure 3, denoted here by WAT | is as follows:

14



123456 789 10 11 12 13 14
1 06000010000 O0OO0OO0O 0 1
2 06001000001 O0OO0OUO0O 0 O
3 06010010000 O0OO0OO0O 0 O
4 0o0000O0OO0OO0OO0OO0OO0OT1T 0 O
5 101000O0O0O0OO0 OO0 O O
6 0ooo0oo0000O0OT1T 0O OO 0 O
YWMST _ 7 0oo0o0000O0OO0OO0OO0OO0OT1T 0O
8 0o00000O0OO0OO0OO0OO0OUO 1O
9 060100010001 O0 1 0 O
10 0o0o000O0OO0OO0OT1TO0OO0OUO0O 0 O
11 0000O0O0OO0OO0OO0OUOUOO0 01
12 6ooo0o1o0o010o0o1 0 0 0 1 O0
13 000000010 O0O0OT1T 0 O
14 100000O0O0OO0OTO0OCT1TO0 OO0

It is shown in Appendix A that the multilateral price indexes derived by chaining
Fisher price indexes across a spanning tree can be computed by inserting the spanning
tree’s weights matrix (e.g. WHPT) into the weighted GEKS formula in (10). The weighted
GEKS formula therefore provides a fast and elegant method for computing the multilateral

price indexes derived from a spanning tree.

3.5 The minimum spanning tree as a special case of weighted

GEKS

Suppose that the weights in the weighted GEKS formula in (10) are calculated as follows:

1

el w

w]'k =

where rank(Dj;;) implies that the smallest distance metric (where j # k) receives the score
1, the second smallest the score 2, etc. To simplify matters we assume in what follows

that there are no ties. The term x is a positive parameter.

Proposition 1: As z rises, the weighted-GEKS method based on the weights matrix

in (15) converges on the minimum-spanning-tree method defined on the distance metric

15



Dy, or any monotonically increasing function of Dy

See Appendix B for the proof. An implication of Proposition 1 is that it is possible to
compute minimum-spanning-tree price indexes using the weighted-GEKS formula without
ever actually computing the minimum-spanning tree.

In section 7 we compute minimum-spanning trees defined on the 156 countries that
participated in ICP 2011. A value of x of 10 is sufficient in the weighted-GEKS formula

to obtain a good approximation to the minimum spanning tree method.

4 Shortest Path Methods

4.1 The shortest path between a pair of countries

In the context of an international spatial comparison, there is no natural ordering of
countries corresponding to the chronological ordering of time periods. Given the objective
of comparing countries 57 and k, the question is whether it is possible to find countries
that lie in some economically meaningful way between these two countries. If the bilateral
comparison is between the USA and Canada the answer is likely to be no. If, however,
the comparison is between USA and Tanzania it does seem plausible that one or more
intermediate link countries might be found that improve the comparison.

These ideas can be made more precise. Returning again to a graph theory context,
we define a path between countries j and k as a sequence of edges starting at the vertex
of country 5 and ending at the vertex of country k. The shortest path between a pair of
countries j and k is defined here as the path with the minimum sum of weights. When the
weights on the edges are all strictly positive and different, the shortest path is uniquely
defined and no edge or vertex appears more than once along the path.

Given a distance metric Dj;, the shortest path between j and % is the path with
the minimum sum of weights. The choice of formula for Dj; is discussed in the next
section. For the moment we will assume that it is possible to define a metric for which it
is economically meaningful to sum weights along a chaining path.

Let SP(bk) denote the shortest path between countries b and k. It is calculated as

16



follows:

SPy, =minj;  m{Dpj + Dji+ -+ + Dy}

The shortest path could contain between 0 and K — 1 intermediate links (where K is
the number of countries in the comparison). The shortest path can be calculated using

Dijkstra’s algorithm.

4.2 Distance metrics for computing shortest paths

Conceptually the choice of distance metric for computing shortest paths is not equivalent
to the choice of distance metric for a minimum spanning tree. In the case of a minimum
spanning tree all that matters is the ordinal ranking of the edges. In a shortest path
context, it has to be economically meaningful to sum the distance metric along a chain
path.

Consider again the chained Laspeyres-Paasche spread. As a result of the substitution
effect, Laspeyres is typically larger than Paasche. For example, Laspeyres is bigger than
Paasche for Household Consumption in 11994 out of 12090 bilateral comparisons in our
ICP 2011 data set. Inspection of the 96 cases where Paasche exceeds Laspeyres, these
bilaterals involve countries with lower quality data. In other words, these violations of
the standard Laspeyres greater than Paasche inequality can more likely be attributed to
noise in the data rather than income effects. Hence a case can be made for excluding these
bilateral comparisons.

The chained Laspeyres-Paasche Spread can be defined as follows:

PL  PL PL
ch(LPS)y, = |In | =2 x =25 x -0 x =2k ] (16)
PR R,

where b and k are the two countries being compared. The chained comparison links through
the intermediate countries (4,1,...,m).

If we impose the restriction that each Laspeyres price index P]Lk is greater than its

17



Paasche counterpart Pj7, then it follows that (16) can be rewritten as:

This implies that the shortest path between countries b and k, which can be easily calcu-
lated using Dijkstra’s algorithm, minimizes the chained Laspeyres-Paasche spread.
Furthermore, theoretical foundations can be provided for the claim that Laspeyres-
Paasche spreads (direct and chained) provide a measure of reliability. In Appendix C
it is shown that, under certain conditions, when a chained Laspeyres-Paasche spread is
smaller than its direct counterpart, this implies that the variance on the chained price
index is likewise smaller than that on its direct counterpart. It therefore follows that
LPS as a criterion for computing shortest paths can be given an economically meaningful
interpretation. Economic foundations for the WRPD distance metrics are also provided
in Appendix C. Empirically, the WRPD metrics are more conservative than LPS, in the

sense that the shortest paths tend to include less edges.

4.3 Shortest path spanning trees

In a comparison between K countries, a shortest path can be computed between country &
and each of the other K — 1 countries in the comparison. Taking the union of these K — 1
shortest paths yields a shortest path spanning tree. Each country has its own shortest path
spanning tree. The shortest path spanning trees for India and Brazil for our 14 country
based on the W1 WRPD metric are shown in Figure 4.

As can be seen in Figure 4, the shortest path between two countries is sometimes a
direct comparison. Conversely, sometimes the shortest path contains a number of inter-
mediate links. For example, the shortest path from India to Australia in Figure 4 passes

through Thailand, Peru, Brazil, and the USA.

4.4 Axiomatic properties of shortest path price indexes

Here we consider five axioms defined on the price and quantity vectors py, p2, ¢1 and go of

two countries 1 and 2. All five axioms are satisfied by Fisher price indexes (see Diewert
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Figure 4: Shortest Path Spanning Trees — 14 Country Example (ICP 2011)

i
[ rus | IJP‘NI [ kaz | |PéR|

SAU

(a) Shortest Paths for India — W1 WRPD Metric

[mar] [nea] [kaz] [rus] [oeu] [usa]

(b) Shortest Paths for Brazil - W1 WRPD Metric

2001). The objective is to consider which of these axioms are also satisfied by shortest
paths of chained Fisher price indexes defined as follows:
SP(P) =Pl x Pj x---x Pl

mk»

where the route b, j,1,...,m, k is the shortest path from country b to country k.
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M1: Identity: P(p,p,q,qr) = 1.

By construction, in this case, the distance metric Dy, = 0 for LPS, W1, W2, and W3.
Hence the shortest path is a direct comparison (i.e. SP(PL) = Pk). Given that P}
satisfies M1, it follows that SP(P}) will do likewise.

M2: Proportionality in Current Prices: P(py, APk, @b, @) = AP (pv, Pk, @b, qx) for XA > 0.

Define country j as having the price vector p; = Apy, and the quantity vector ¢; = gy.
For LPS, W1, W2, and W3 it holds that D;; = Dy, for any country [. It follows that
the shortest path route between country b and country k& will be the same as the shortest
path route between b and j, and hence that SP (P, and SB,; will differ only in the final
bilateral price index in the chain. Let ¢ denote the final intermediate link country in the
chain. It follows that: SP,;/SPy, = Pg /Pik"™ = X. Again the result holds since Fisher

satisfies proportionality.

M2": Inverse Proportionality in Base Period Prices: P(Apy, Py @b, @r) = N~ P(py, D> @b Q)
for A > 0.

The proof is analogous to M2.
M3: Commensurability: (Invariance to Changes in the Units of Measurement)

The distance metrics LPS, W1, W2, and W3, are all invariant to changes in the units of

measurement.
M4: Monotonicity in Current Prices: P(py, Pis @b, k) < P (Do, Dj, @b, @) if P < pj-

Replacing the price vector p; with the price vector p; may cause the chain path to
change. If this happens, then monotonicity may be violated. In cases where the chain
path route does not change, then M4 is satisfied. This is because, in this case, the price
indexes P(py, Pk, @, qx) and P(py, pj, @b, @) will differ only in the last bilateral compari-
son in the chain. Hence the condition P(py, pi, @b, qr) < P(ps,Pj, @, qx) is equivalent to
PE(pi, pry @iy @) < PE(pi, pj, iy qr). where i is the last intermediate country in the chain.

Given that Fisher satisfies monotonicity, the shortest path price index will do likewise.
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M4': Monotonicity in Base Prices: P(p1,pa, q1,q2) > P(ps, p2, q1,q2) if p1 < ps.

The proof is analogous to M4.

Mb5: Factor reversal: P(py, Pr, @b, ) X P(aqb, Gk, Do, k) = ZL PrnQin/ EnNzl DbnGon-

Any chain path using Fisher satisfies M5.

Shortest path price indexes constructed using Fisher bilateral links, therefore, satisfy
all the axioms except monotonicity (M4 and M4’), and even then monotonicity is only
violated when the change in the price vector triggers a change in the shortest path chain
route. These results demonstrate that shortest path chain price indexes have desirable

axiomatic properties.

4.5 Shortest path GEKS

An alternative to introducing weights into the GEKS method is to transform the bilateral
comparisons prior to applying the GEKS transitivization formula. One way in which this
can be done is by replacing each bilateral by its shortest-path equivalent.

A shortest path Fisher price index SP(P) can now be constructed for every Fisher
price index in the Fisher matrix F' in (2). Replacing each direct Fisher with its chained
counterpart we obtain a shortest path Fisher matrix SP(F'). The GEKS transitivization
algorithm is now applied to this shortest path Fisher matrix SP(F'). One advantage of this
method is that the most egregious bilaterals are replaced by chained comparisons prior to

the application of the GEKS transitivization formula.

4.6 Weighted-GEKS applied to the union of shortest paths

It was noted above that each country has its own shortest-path spanning tree. If we take
the union of all these shortest-path spanning trees we obtain a graph that contains cycles.
The union of the shortest path spanning trees, based on both the LPS and W1 WRPD

metrics, for our 14 country example is graphed in Figure 5.

6More comprehensive lists of price index axioms can be found in Balk (1995) and Diewert (2001). We
do not have space here to do a more thorough examination of the axiomatic properties of shortest path
price indexes.
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Figure 5: Union of Shortest Path Spanning Trees — 14 Country Example (ICP 2011)

(b) W1 WRPD Metric
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The weighted-GEKS method can now be applied to this union of shortest paths graph.
Each edge that is omitted from the union of shortest paths graph is now assigned a weight
of zero, while those edges that are represented in the union of shortest paths graphs are

assigned a weight of 1.

w; = 1 if the edge connecting countries j and k appears in at least one shortest-path

spanning tree.

wj = 0 otherwise.
In our 14 country example, the graph in Figure 5(b) for the W1 WRPD metric can

be represented as a weights matrix. Again we use the country codes from section 3.3:

1 2 3 4 5 6 7 8 910 11 12 13 14

1 00 10100UO0UO0UO0UO0O0 0 1

2 oo 1001111 1000 1

31 100100000000 1

4 looo0oo0oo00010 00110
5101001110 1010 0

6 o 10010011 1110 0
WSPUnin _ T [ 01 0 0 100 1 1 10100
w1 s |lo 10111101 11110
oo 10001110 1010 0

00lo 10011 1 1 1 0110 0

1Ml o0oo000010 10 100 0 1
21000111 1 1 1 100 1 0
310001000710 00710 0

4 \1 1 1 000O0O0UO0 010 0 0

Using this weights matrix in the weighted GEKS formula in (10) yields the method
denoted here by Shortest Path Union Weighted GEKS. This method like the Shortest
Path GEKS method ensures that the most egregious bilaterals are removed prior to the

application of the transitivization procedure.

4.7 Weighted-GEKS applied to the sum of shortest paths

An alternative weighting scheme is to count how many times each bilateral comparison

(i.e., edge) appears in the shortest path spanning trees. There is a shortest path spanning
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tree for each country. Hence, given K countries, the maximum possible count is K and
the minimum is zero. In this case the weights matrix therefore consists of integer values

ranging between 0 and K.

w;r = z where z is the number of shortest path spanning trees that contain the edge
connecting countries j and k.
In our 14 country example and using the same country codes as above, this method

entails using the following weights matrix in the weighted GEKS formula in (10):

12 3 4 5 6 7 8 9 10 11 12 13 14

1 o 0 2 0 5 0 0 0 0 0 0 0 0 12
2 0o 0 11 0 0 4 5 5 9 5 0 0 0 12
3 21 0 0 4 0 0 O O O O O 0 3
4 o 0o 0 0 0 0 0 2 0 0 012 2 0
5 5 0 4 0 0 3 2 3 0 2 0 3 0 0
6 o 4 0 0 3 0 0 3 4 2 3 3 0 O
WfV];_S“m _ 7 o 5 0 0 2 0 0 2 3 3 0 4 0 0
8 o 5 0 2 3 3 2 0 2 2 3 2 5 0
9 o 9 0 0 0 4 3 2 0 2 0 8 0 O
10 o 5 0 0 2 2 3 2 2 0 5 5 0 0
11 o 0 0 0 0 3 0 3 0 5 0 0 0 6
12 0o 0 0 12 3 3 4 2 8 5 0 0 9 0
13 o 0 0 2 0 0 O0 S5 0 0 0 9 0 0
14 1212 3 0 0 0 0O O O O 6 O O O

This method is denoted here by Shortest Path Sum Weighted GEKS.

5 Afriat’s Approach to Spatial Chaining

5.1 Afriat’s bounds

In a series of papers Afriat derived conditions under which a data set of prices and expen-
diture shares is consistent with the utility maximizing behavior of a representative agent
under homothetic preferences (see particularly Afriat 1967, 1981).

The starting point is the Kontis (1924) cost of living index:

e(pr, u)

PK(pbvpkau) = e(pb U)

9
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where b and k are countries, and e(p,u) is an expenditure function measuring the mini-
mum cost of reaching the utility level u given the price vector p. When preferences are

homothetic, the Koniis index does not depend on the reference utility level.

Py (po, pr) =

where é(py) = e(pg, 1) is the unit expenditure function.
The Koniis index is transitive when it does not depend on the reference utility level.
Under homothetic preferences it is also the case that Paasche and Laspeyres price indexes

bound the Konts index as follows:
Py < Prc(py, i) < Py (18)

Combining these two insights, under homotheticity, all possible Laspeyres chaining paths
between country b and country k are upper bounds on the Koniis index between countries
b and k (see also Varian 1983, and Dowrick and Quiggin 1997). Similarly, all possible
Paasche chaining paths are lower bounds. Taking the minimum of the upper bounds and
the maximum of the lower bounds it will in general be possible to construct tighter bounds
on the Koniis index than the direct Paasche and Laspeyres bounds in (18).

Afriat (1981) shows that a necessary and sufficient condition for the data to be consistent

with utility maximizing behavior under homothetic preferences is that these bounds exist

wAPLPY - PR Y < mingy o {BPLP - PLY).

(i.e., max;, o it ik

-----

Noting that Pb’} =1/ PJJZ , these bound can be rewritten as follows:

1
' PLPL...PL =
mlnjal7am{ k?j ]l e mb}

Py (py, pr) < mingy o { PPy -+ Ph}. (20)
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Now following Dowrick and Quiggin (1997) we define My, as:
My, = mingy, m{ln Py + I Pf+---In P} (21)

It follows from (20) that
— My < In[Pg(py, pr)] < M. (22)

To compute the upper bound in (22) a directed graph (henceforth a digraph), denoted
by GG, can be constructed, where the directed edge from country b to country k£ has a weight
equal to In(PkL). The upper bound My, in (22) is now given by the sum of the weights
on the shortest path from country b to country k. The lower bound is the negative of the
sum of the weights on the shortest path from & to b.

Some of the weights in G are negative. However, the shortest path and Afriat bounds
exist as long as there are no negative cycles in G. A negative cycle arises when there exists
a country k such that My, < 0. Dijkstra’s algorithm cannot be used here to compute the
shortest paths since some of the weights are negative. The Floyd-Warshall algorithm can
be used instead. While it is slower than Dijkstra’s algorithm, it computes shortest paths

in the presence of negative weights as long as there are no negative cycles.

5.2 Afriat’s bounds as performance criteria

In section 8 we use Laspeyres-Paasche bounds and the Afriat bounds in (22) in a novel way
as a performance criterion to evaluate the performance of competing multilateral methods.

First it is necessary to determine whether there are any negative cycles in the graph
G. If so, the Afriat bounds can only be used on a subset of countries for which G does
not contain any negative cycles. The simplest case of a negative cycle is when P} < BY
(i.e., Laspeyres is smaller than Paasche). This corresponds to In Pk + In PL < 0. This
situation arises for 96 of the 12090 bilateral comparisons in the ICP data set. Hence it
follows immediately that the graph G in the case of ICP 2011 contains negative cycles.
Dowrick and Quiggin (1997) were able to find a sample of 17 OECD countries for which in
both 1980 and 1990 there are no negative cycles in G. Similarly to Dowrick and Quiggin,
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we are able to find a sample of 19 OECD countries within ICP 2011 for which a graph G
can be contained containing no negative cycles. In section 8 we compute Afriat bounds

defined on all possible bilateral pairings of these 19 countries.

5.3 The Afriat multilateral index

Afriat’s approach can also be used to derive a multilateral method that is related to some
of the shortest path methods proposed in section 4. The bilateral bounds in (22) are
generally not transitive. Rather, we have that My, < M,; + Mj;. This implies that the
indirect Afriat upper bound on the price index Py, obtained by chaining via country 7,
is My; + Mji,, which in general is greater than the direct Afriat upper bound M. These
bounds can be transitivized as follows:

. 1 <&

My, = e lzl(Mbl — M),
where [ = 1, ..., I indexes the countries in the comparison. It can be verified that My, =

My; + Mj,. Hence multilateral Afriat bounds are provided by:
— My, < In[Px (py, pr)] < M. (23)

These bounds are not as tight as the bilateral Afriat bounds as a result of the constraints
imposed by transitivity.
Following Dowrick and Quiggin (1997), a natural choice for an Afriat type multilateral
index for country k with b as the base is
B My — M
P >
In general, the Afriat upper and lower bounds in (19) will be constructed from different
shortest path chains (i.e., the list of linking countries will be different). In the special case

where the upper and lower bounds of each bilateral comparison exist and use the same

chain path, the Afriat multilateral index reduces to the SP-GEKS(LPS) method.
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6 ICP 2011

Since 2005, ICP is divided into six regional blocks (OECD-Eurostat, Latin America, Asia-
Pacific, Western Asia, Africa, and the CIS). Each country in ICP provides price data
for product categories within 155 basic heading that together cover all the components
of GDP. In our empirical comparisons we focus on the 110 basic headings that together
constitute household consumption. A basic heading is the lowest level of aggregation
for which expenditure data are available from the National Accounts for each country.
Examples of basic headings include Rice, Women’s footwear, Dental Services, and Postal
Services.

Each basic heading has its own product list. For example the list for the basic head-
ing “Rice” could consist of say Long grain rice, Jasmine Rice, Basmati Rice, White rice,
Medium Grain, Brown rice, and Short-grained rice. To ensure the prices are comparable,
the physical characteristics (e.g., the weight of the bag of rice) and the economic charac-
teristics (e.g., whether it is a brand) are specified. Each country collects multiple price
quotes from different locations on each product in a heading. These are then combined to
produce an average price for each product in each country.

All regions use the same list of basic headings. However each region chooses its own
list of products for each basic heading, subject to the constraint that a core list of products
are common to all regions. There is at least one core product for each basic heading. This
core list is ultimately used to link the regions.

The country-product-dummy (CPD) method of Summers (1973) is then used to con-
struct price indexes at basic heading level in each region. In an ICP context the CPD
method estimates a hedonic model separately for each basic heading in each region as
follows:

lnpk,n = Dék -+ G’}/n + g,

where n indexes the products within the basic heading, and k£ the countries in the region. D
denotes a matrix of country dummy variables and GG a matrix of product dummy variables.
The price index for each country for that basic heading is obtained by exponentiating the

estimated parameters on the country dummy variables: p, = exp(gk). No dummy variable
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is included for the base country (k = 1), and its price index p; is normalized to 1.

An important feature of CPD is that each country does not have to price all the
products in a basic heading. The minimum requirement for a product to be included in
the CPD regression is that it is priced by at least two countries. The properties of CPD
and its link with spatial chaining are explored further in Appendix D.

To link the regions, a variant on CPD proposed by Diewert (2008) is used. The
region-product-dummy (RPD) method is run separately for each basic heading, but this
time only over the core products that are common to all regions. All countries are included,
and country dummies are replaced by region dummies. Also, a base country is selected
for each region, and the prices of all products in a region are deflated by the within-region
CPD price indexes prior to estimating the RPD model. In this way price indexes for each
basic heading for every country in the comparison can be obtained.

In principle, once price indexes are available for all countries at basic heading level,
aggregate level global price indexes could now be computed using the GEKS method.
However, an additional complication in ICP is the requirement of within-region fixity. For
example, the relative price level of France and Germany in the global comparison must be
the same as in the OECD-Eurostat comparison. The exact way in which fixity is imposed
is not relevant here. It entails making a global GEKS comparison, as well as separate
GEKS comparisons for each region. The method referred to as the Country Approach
with Redistribution (CAR) is due to Kravis, Heston, and Summers (1982). Explanations
of the method can be found for example in Heston (2010) and Hill (2016).

There are two main reasons for the within-region fixity requirement. The first is po-
litical. The European Union (EU) uses the official EU results to calculate budget contribu-
tions and the disbursement of grants and aid, and hence only wants one set of within-EU
parities in the public domain. More generally, in other regions there is also concern that the
availability of multiple within-region parities could generate confusion. The second reason
is that within-region fixity ensures that within-region comparisons are not contaminated

by poor quality bilateral comparisons involving countries in other regions.
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7 An Application to ICP 2011

7.1 Comparing real incomes computed using different purchas-

ing power parity (PPP) exchange rates methods

The multilateral methods compared here are as follows:

e MST(LPS) = Minimum Spanning Tree using LPS metric;

e SP-GEKS(LPS) = Shortest path GEKS using LPS metric;

e SP-Union(LPS) = Shortest path union weighted GEKS using LPS metric;

e SP-Sum(LPS) = Shortest path sum weighted GEKS using LPS metric;

e MST(W1) = Minimum Spanning Tree using WRPD metric;

e SP-GEKS(W1) = Shortest path GEKS using WRPD metric;

e SP-Union(W1) = Shortest path union weighted GEKS using WRPD metric;
e SP-Sum(W1) = Shortest path sum weighted GEKS using WRPD metric;

o GEKS;

e Official ICP 2011 Results.

The purchasing power parity (PPP) exchange rates and real per capita household incomes
for each method are shown in Appendix E. The results for a selection of countries are
provided in Table 1.

Table 2 shows the average percentage difference in per capita consumption between
GEKS and each of the spatial chaining multilateral methods. Also shown is the minimum
and maximum change differences all countries. It can be seen that the average differences
are not that small. For example, for the SP-Union(W1) method, the average difference
is 4.09 percent. In other words, the choice between GEKS and spatial chaining is not
of merely academic interest. Also, it is noticeable that for all spatial chaining methods,
average per capita consumption measured in US dollars is smaller than under GEKS. In
other words, the gap between the USA per capita income and the rest of the world is

smaller under spatial chaining.
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Table 1: Per Capita Consumption in US Dollars for Selected Countries

LPS SP-GEKS MST SP-Union GEKS
P.R. China 3388.1  3434.7 3303.7  3362.7
Hong Kong 28642.8 28340.5 29847.5 30914.5
India 2626.4  2657.5 2634.8  2664.3
Australia 22207.7 21913.5 22693.7 23225.6
Japan 19369.2 19164.4 19340.1 18936.7
Luxembourg 24608.6 24598.4 23325.3 238294
Ethiopia 865.6 628.2 848.6 878.1
W1 SP-GEKS MST SP-Union GEKS
P.R. China 3214.3  3284.7 3244.8  3362.7
Hong Kong 29748.7  29986.2 29912.8 30914.5
India 2631.3  2648.3 2608.8  2664.3
Australia 22013.4 22246.4 22143.0 23225.6
Japan 18766.6 19435.9 18955.7 18936.7
Luxembourg 25724.1  26089.2 25821.2 23829.4
Ethiopia 821.3 838.8 835.7 878.1

This relationship is graphed in Figure 6 for the SP-Union(LPS) and SP-Union(W1)
methods. It can be seen that the difference between GEKS and the spatial chaining results,
decreases slightly as per capita income rises.

The aggregate effect of these differences at the global and regional level is shown in
Table 3. Overall, the impact seems to be biggest in the CIS and Western Asia regions,
averaging 5.27 and 4.88 percent respectively.

Let P}, denote the price index for country & with b as the base country, computed

using PPP method . The dissimilarity in the results of methods ¢ and j can be measured

by:

1 FE P * (pi ’
Zij= | —=——— bk 1) 4|21
ot | (R
The results are presented in Table 4. The Z statistic uses the same basic formula as
the distance metric W1, except now that it compares a pair of multilateral methods rather

than a pair of countries. Z is essentially a symmetric version of the more familiar root

mean squared eIror.
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Table 2: Percentage Differences in Per Capita Consumption Relative to GEKS
(with USA as Base)

Min Diff Max Diff Average Diff

SP-GEKS(LPS)  -12.99 20.64 4.90
MST(LPS) -13.64 28.46 7.62
SP-Union(LPS) -8.73 11.60 2.64
SP-GEKS(W1) -7.95 12.51 5.61
MST(W1) -9.48 14.42 4.36
SP-Union(W1) -8.36 11.81 4.09

Notes: The percentage differences are calculated as follows. First, per capita consumption in US dollars is
computed for each country for each multilateral method. Then the difference in per capita consumption
for each multilateral method relative to GEKS is computed as follows: 100(GEKS - PPP Method)/GEKS.

The minimum, maximum and average differences across all 156 participating countries are reported above.

Figure 6: Difference with GEKS as a Function of Per Capita Consumption
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Notes: The horizontal axis is the log of real per capita income calculated using the PPP method stated

at the top of the graph. The vertical axis is the percentage differences from GEKS calculated as follows:
100(GEKS - PPP Method)/GEKS.

The matrix of Z statistics is presented in Table 4. Of particular interest is how each

method differs from the basic GEKS method. The main themes that emerge are as follows:
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Table 3: Percentage Differences in World and Regional Consumption Relative
to GEKS (with USA as Base)

SP-GEKS(LPS) MST(LPS) SP-Union(LPS)

World consumption 2.30 3.11 1.45
Africa 2.30 4.61 2.98
Asia-Pacific 1.23 1.22 1.79
CIS 6.49 5.67 4.25
OECD-Eurostat 2.37 3.13 1.06
Latin America 2.58 5.33 -0.52
Western Asia, 2.38 7.07 2.59
SP-GEKS(W1) MST(W1) SP-Union(W1) Average
World consumption 3.63 2.81 2.90 2.70
Africa 4.74 3.34 4.29 3.71
Asia-Pacific 3.56 2.27 3.21 2.21
CIS 5.54 6.69 2.96 5.27
OECD-Eurostat 2.97 2.21 2.27 2.33
Latin America 6.48 5.47 4.88 4.04
Western Asia 5.95 5.80 5.01 4.88

Notes: The percentage differences are calculated as follows. First, total consumption measured in US
dollars is computed for each country in US dollars using each multilateral method. Then consumption is
summed across all countries in the region. The average difference in consumption for each multilateral
method relative to GEKS is computed as follows: 100 (GEKS - PPP Method)/GEKS.

First, each WPRD is closer to GEKS than its LPS counterpart. Second, the minimum
spanning tree method is the most different from GEKS. Third, the method that is closest
to GEKS is SP-Union(W1). Fourth, the three shortest path W1 methods all generate
quite similar results. Finally, the official ICP 2011 results are more similar to the three
shortest path chaining W1 methods than to GEKS. This indicates that the regional fixity

requirement in ICP 2011, acts to move GEKS slightly in the direction of spatial chaining.

7.2 Chain paths

Countries in the same region will tend to have more similar economic structures. The
proportion of within-region links in shortest paths, therefore, can be interpreted as a
criterion for comparing the performance of LPS and WRPD metrics. A lower proportion
of within-region links indicates more noise in the results. There is another reason for

preferring within-region comparisons. The regionalized structure of ICP implies that there
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Table 4: Differences in the ICP 2011 Purchasing Power Parity (PPP) Exchange
Rates as Measured by the Z Statistic

A B C D E F G H I J
0.000 0.109 0.121 0.108 0.162 0.141 0.143 0.141 0.148 0.117
0.109 0.000 0.069 0.025 0.110 0.093 0.094 0.092 0.096 0.168
0.121 0.069 0.000 0.054 0.087 0.062 0.055 0.060 0.059 0.087
0.108 0.025 0.054 0.000 0.105 0.085 0.085 0.084 0.086 0.111
0.162 0.110 0.087 0.105 0.000 0.056 0.068 0.056 0.081 0.055
0.141 0.093 0.062 0.085 0.056 0.000 0.032 0.011 0.051 0.067
0.143 0.094 0.055 0.085 0.068 0.032 0.000 0.028 0.046 0.058
0.141 0.092 0.060 0.084 0.056 0.011 0.028 0.000 0.050 0.056
0.148 0.096 0.059 0.086 0.081 0.051 0.046 0.050 0.000 0.063
0.117 0.168 0.087 0.111 0.055 0.067 0.058 0.056 0.063 0.000

“—omomggawE s

Notes: The multilateral PPP methods are as follows: A = MST(LPS); B = Shortest path GEKS(LPS);
C = Weighted GEKS on the union of shortest paths(LPS); D = Weighted GEKS on the sum of shortest
paths(LPS); E = MST(W1); F = Shortest path GEKS(W1); G = Weighted GEKS on the union of shortest
paths(W1); H = Weighted GEKS on the sum of shortest paths(W1); I = GEKS; J = Official ICP 2011
Results.

is greater harmonization of the underlying product lists for two countries in the same region
than in a comparison across regions.

The number of within-region links are shown in Table 5. For example, there are 50
participating countries in Africa in ICP 2011. This means that there are 1225 distinct
bilateral pairings of African countries. Of these, based on the LPS criterion, only 150
stay in Africa (i.e., do not involve countries from other regions). For W1 the number of
within-region shortest paths is much higher at 564. Similar results are obtained for the
other five regions. In all cases, the number of within-region shortest paths are higher for
W1. Part of the explanation for this finding is that the W1 measure is more conservative
than LPS in the sense that it is less likely to replace a direct comparison with a chained
one. On average, 29.7 out of 155 of the shortest paths between the reference country and
the other countries in the shortest path spanning trees are direct comparisons for W1, as
compared with only 8.3 for LPS.

The number of within-region paths in the minimum-spanning trees are also shown
in Table 5. Again, there are more within-region paths for W1 than for LPS. It is also

noticeable that there are far less within-region paths in the minimum spanning trees than in
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Table 5: Within and Between Region Links in Shortest Path and Minimum
Spanning Trees

Total bilaterals Shortest paths without MST without

LPS external countries external countries
Africa 1225 150 29
Asia Pacific 253 43 14
CIS 36 6 0
EU-OECD 1035 101 42
Latin America 120 53 7
West Asia 55 14 6
W1

Africa 1225 564 47
Asia Pacific 253 127 22
CIS 36 15 5
EU-OECD 1035 324 45
Latin America 120 75 12
West Asia 55 22 8

the shortest path spanning trees. This is because there is only one minimum spanning tree,
while each country has its own shortest path spanning tree. Hence the paths between pairs
of countries in the minimum spanning tree are more constrained due to the requirement
of transitivity than the shortest paths.

It is also illuminating to consider a few actual examples of chain paths. Focusing
on the W1 metric, shortest paths and minimum spanning tree paths between pairs of
countries are shown below. The country codes are provided in Appendix E in Table E2.
As can be seen, the minimum spanning tree paths tend to be longer and less intuitive than

their shortest path counterparts.

Shortest paths:

USA to Germany: USA-NLD-IRL-DEU; Great Britain to France: GBR-NLD-IRL-FRA;
India to Malaysia: IND-SWZ-GTM-MYS; The Philippines to Vietnam: PHL-COG-VNM;
South Africa to Kenya: ZAF-GTM-SWZ-KEN; Ethiopia to Uganda: ETH-UGA;

Russia to Hungary: RUT-HRV-CZE-HUN.
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Minimum spanning tree paths:

USA to Germany: USA-NLD-IRL-DEU; Great Britain to France: GBR-NLD-IRL-FRA;
India to Malaysia: IND-PAK-GRC-RUT-HRV-CZE-MLT-THA-MAC-MYS;

The Philippines to Vietnam: PHL-GTM-SWZ-IND-PAK-GRC-RUT-HRV-CZE-MLT-THA-
MAC-LAO-COG-VNM; South Africa to Kenya: ZAF-LSO-LUX-USA-NLD-IRL-DNK-
RUT-GRC-PAK-IND-SWZ-KEN; Ethiopia to Uganda: ETH-ZMB-MWI-CAF-UGA;
Russia to Hungary: RUT-HRV-CZE-HUN.

7.3 Robustness to country deletion — Jackknife standard errors

The robustness of a method to deletion of countries can be checked by computing Jackknife
standard errors. First, a base country b is selected. Then a country j # b is deleted from
the comparison, and then price indexes for the remaining K — 2 countries are computed.
Then a different country j is deleted, and price indexes are recomputed. In this way, K —2
distinct price indexes and an associated standard error can be computed for each country
k. We denote this standard error by Jy.

Here we use the USA as the base country. The Jackknife results in Table 6 are averages
across all countries, where the average is computed as an arithmetic mean, median, and
geometric mean. Also shown is the standard deviation of the Jackknife estimates for each
method. Three main results emerge from Table 6. First, the results for each method are
highly skewed, as evidenced by the arithmetic means being much larger than the medians
and geometric means. This means that the results for a few countries are far more sensitive
than the rest to the deletion of countries from the comparison. Most of these highly
sensitive countries are in Africa and the Asia-Pacific regions. Second, irrespective of which
average we consider, the GEKS method generates results that are the least sensitive to the
deletion of countries. The MST method is the most sensitive to country deletion. Third,
the spatial chaining methods are less sensitive to country deletion when the distance metric
W1 is used in preference to LPS.

Other things equal, less sensitivity to country deletion is desirable. However, there
are more important criteria for judging the performance of multilateral methods. We turn

to these criteria in the next section.

36



Table 6: Jackknife Results

A B C D E F G H I
Mean 60.718 28.062 11.418 19.461 39.611 9.328 6.648 8.536 2.190
Median 0972  0.523  0.359  0.398 0.639 0.186 0.161 0.196 0.046

Geomean 0473 0.752  0.446  0.577 0.573 0.280 0.220 0.298 0.073
St.Dev. 202.276 94.667 35.996 63.727 141.261 31.262 21.783 27.175 7.297

Notes: The PPP methods are again as follows: A = MST(LPS); B = Shortest path GEKS(LPS); C =
Weighted GEKS on union of shortest paths(LPS); D = Weighted GEKS on sum of shortest paths(LPS);
E = MST(W1); F = Shortest path GEKS(W1); G = Weighted GEKS on union of shortest paths(W1); H
= Weighted GEKS on sum of shortest paths(W1); I = GEKS.

8 Bounds On Bilateral Indexes as Performance Cri-

teria

8.1 Laspeyres-Paasche bounds

It was noted in section 5 that under homothetic preferences the Koniis cost of living index
is bounded by Paasche and Laspeyres price indexes.” From our perspective departures
from homotheticity imply that the price indexes no longer need to be bounded by both
Paasche and Laspeyres. Nevertheless, there is no reason to expect nonhomotheticity to
push the price indexes in any particular direction. Hence the Laspeyres-Paasche bounds
are still a useful criterion for comparing the performance of multilateral methods.

Given that the price and expenditure data represent whole countries rather than
individuals, and that these data are measured imprecisely, we should not necessarily ex-
pect the data to be entirely consistent with utility maximizing behavior. But again the
Laspeyres-Paasche bounds are still a useful benchmark.

Our claim therefore is that a better performing multilateral method should generate
bilaterals that more often lie within the Laspeyres-Paasche bounds.

As has been noted previously, a multilateral comparison between K countries contains

K (K —1)/2 distinct bilateral comparisons. Here given K = 156, we have 12090 bilaterals.

"Furthermore, Paasche and Laspeyres bound the superlative Fisher and Walsh indexes (see Diewert
1976, 1978).
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Laspeyres exceeds Paasche for 11 994 of these. Focusing on these 11994 bilaterals we count
the number of times the bilaterals contained within each multilateral method lie within

these Laspeyres-Paasche bounds. The results are shown in Table 7.8

Table 7: Comparing the Performance of Multilateral Methods Using
Laspeyres-Paasche Bounds and Afriat Bounds

Satisfy L-P Bounds Satisfy GL-GP Bounds Satisfy Afriat Bounds

MST(LPS) 9296 4460 145
SP-GEKS(LPS) 10506 5584 151
SP-Union(LPS) 11292 6624 154
SP-Sum(LPS) 10792 5885 158
MST(W1) 10816 6129 126
SP-GEKS(W1) 11316 7212 128
SP-Union(W1) 11357 7553 129
SP-Sum(W1) 11350 7309 124
MST(W2) 11352 7497 126
SP-GEKS(W2) 11342 7360 129
SP-Union(W2) 10648 5816 133
SP-Sum(W2) 11387 7426 130
MST(W3) 11 360 7439 126
SP-GEKS(W3) 11359 7327 130
SP-Union(W3) 10634 5781 130
SP-Sum(W3) 11381 7381 132
GEKS 11305 7269 122
Maximum possible 11994 12090 171

Notes: LPS, W1, W2, and W3 refer to the distance metrics defined in (11), (12), (13), and (14), respec-
tively. WGEKS is the weighted GEKS method (see section 2.4), MST is the minimum spanning tree
method (see section 3.1), SP-GEKS is the shortest path GEKS method (see section 4.5), SP-Union is the
weighted GEKS method applied to the union of shortest paths graph (see section 4.6), and SP-Sum is the
weighted GEKS method applied to the sum of shortest paths graph (see section 4.7). The Afriat bounds

are computed only for a subset of 19 OECD countries.

8An alternative approach would be to estimate a demand system, which would allow Koniis cost of
living indexes to be computed for reference utility levels. The bounds on each bilateral comparison could
then be given by the Koniis index evaluated at the utility levels of the two countries being compared. The
problem with such an approach is that a demand system cannot be easily estimated for 156 countries over
110 basic headings. Typically the headings have to first be aggregated to a much smaller number (see
for example Neary 2004). Oulton (2008, 2012), however, has developed an innovative method that, by
focusing primarily on the estimation of income elasticities, avoids the need to aggregate headings. This
approach could potentially be used to generate Koniis-type bounds.
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8.2 Geometric Laspeyres and Paasche bounds

Geometric Laspeyres (GL) and geometric Paasche (GP) price indexes are defined as fol-

()] el

n=1 pjn n=1

lows:

Under constant elasticity of substitution (CES) preferences, PﬁcL > Pﬁf when the
elasticity of substitution is less than one. Conversely, Pf,iL < Pj(,ip when the elasticity of
substitution is greater than one. In the special case of Cobb-Douglas preferences (where
the elasticity equals one), then PJC,*;L = P]%P .

The important point here is that there is no particular reason to expect that P]C,iL >
PJ%P even under the assumption of utility maximizing behavior. This is indeed borne out
by the data. In about two-thirds of our bilateral comparisons, P]%L < Pﬁp :

While it is not generally true under homotheticity that GL and GP bound the Koniis
cost of living index, these bounds do apply when preferences are described by the homo-
thetic translog utility function, which is a flexible function form (see Diewert 1976). Also,
GL and GP bound the superlative Tornqvist index. Even assuming translog preferences,
income effects, measurement error in the data, and the aggregated nature of the data
again imply that one cannot expect the bilateral price indexes subsumed within a broader
multilateral comparison to always lie within the GL and GP bounds. Furthermore, the
GL and GP bounds are tighter than the Laspeyres-Paasche bounds. Nevertheless, our
previous claim still applies here as well. A better performing multilateral method should
generate bilaterals that more often lie within the GL-GP bounds.

Focusing on all 12 090 bilaterals we count the number of times the bilaterals contained
within each multilateral method lie within the GL-GP bounds. The results are again shown

in Table 7.
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8.3 Afriat bounds

As was explained in section 5.2, we are able to construct Afriat bounds for a sample of
19 OECD countries.? For these countries the complete diagraph G does not contain any
negative cycles. It follows that under homothetic preferences the Koniis cost of living
index is bounded by the Afriat bounds.

Focusing on the 171 bilaterals between these 19 countries we count the number of
times the bilaterals contained within each multilateral method lie within the Afriat bounds.

The results are again shown in Table 7.

8.4 Interpreting the bounds results

A few themes emerge from Table 7. First, the shortest path methods outperform MST
methods. Second, according to both the L-P and GL-GP bounds, shortest path methods
based on the WRPD metrics (W1, W2 and W3) outperform methods based on the LPS
metric. The reverse result is obtained for the Afriat bounds. However, the Afriat bounds
can only be computed over a sample of 19 countries, rather than the whole data set of 156
countries. Hence we attach greater importance to the L-P and GL-GP results. Third, the
shortest path WRPD methods mostly outperform the basic GEKS method. According
to the L-P bounds, seven of the nine shortest path methods outperform GEKS. For the
GL-GP bounds, six out of nine shortest path methods outperform GEKS. For the Afriat
bounds, all nine shortest path methods outperform GEKS.

This leaves the question of which combination of shortest path method and WRPD
metric is best. Focusing on an average of performance relative to the L-P and GL-GP
bounds, the best performing combination is SP-Union(W1) followed by SP-Sum(W2).
These methods deserve serious consideration as alternatives to GEKS in future rounds of

ICP.

9The list of countries is as follows: CAN = Canada; DNK = Denmark; DEU = Germany; NLD =
Netherlands; NOR = Norway; GBR = UK; USA = USA; AUS = Australia; BEL = Belgium; AUT =
Austria; ESP = Spain; PRT = Portugal; ITA = Ttaly; GRC = Greece; RUT = Russia; SWE = Sweden;
CHE = Switzerland; POL = Poland; ISR = Israel.
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9 Conclusion

GEKS is currently the most widely used method for making multilateral international
comparisons of prices and real incomes. GEKS starts from the assumption that the best
way to compare two countries is by a direct bilateral comparison. Transitivity is imposed
on the matrix of direct bilaterals by altering them by the least squares amount necessary to
achieve transitivity. In contrast, our starting point has been to question this assumption,
and consider how transitivity can be imposed instead using shortest-path methods.

To compute shortest paths, a distance metric is required. We consider Laspeyres-
Paasche spreads (LPS) and weighted-relative-price-dissimilarity (WRPD) metrics for this
purpose, and show that each can be justified in terms of minimizing the variance of the
resulting price indexes.

Spatial chaining is already used indirectly to some extent in international comparisons.
Imposing regional fixity in ICP brings in a degree of spatial chaining. Also, the country-
product-dummy (CPD) method used in ICP to construct the basic heading price indexes
can be interpreted under certain conditions as a form of spatial chaining. The Afriat index,
which has received significant attention in the academic literature, represents another
variant on spatial chaining.

Spatial chaining methods lead to significant differences in real per capital consumption
compared to GEKS. This has implications for poverty analysis. However it does not seem
to have much effect on measured inequality.

In terms of performance, based on three different sets of bounds criteria, we find
that our shortest path methods outperform the benchmark GEKS method. The SP-Union
method described in section 4.6 used in combination with the W1 distance metric is our
preferred method. It constructs the union of all shortest-path spanning trees and assigns a
weight of 1 to all edges that appear in this union, and zero otherwise. This weights matrix
is then used in the weighted-GEKS formula. SP-Union based on the W1 distance metric
is a viable and attractive alternative to GEKS in international comparisons. It warrants

closer scrutiny in future rounds of ICP.
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Appendix For Online Publication

A: Using Weighted-GEKS to Chain Across a Spanning Tree

Suppose there are j = 1,..., M countries and ¢ = 1, ..., N commodities, p;; represents the
price of i-th item in j-th country expressed in local currency units; and let 7;; represents
log of purchasing power parity of j-th country with respect to country k.

Proposition: Suppose weights w;;, are defined such that w;, = 1 if country j is directly
connected to country k in a spanning tree and zero otherwise. Then the indexes obtained
by chaining across the spanning tree are equal to the indexes obtained using a weighted
GEKS framework with weights wj.

Proof: To prove this proposition, we use induction i.e. we first prove that it is true for 3
countries, then we assume that it is true for M — 1 countries and relying on that we prove
it is true for M countries.

Suppose that we have 3 countries, without loss of generality we can assume that the span-

ning tree is of the form shown in Figure A1l.

Figure A1l: A Spanning Tree Defined on Three Countries

Based on this spanning tree, the indexes are defined as

T2 = In Fiy
T3 = In Fa3 (24)
mi3 = In Fip +1n Fi3

where 7j;, i the log of the purchasing power parity exchange rate of country j with respect

to country k and Fj; denotes the Fisher index.
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Weighted GEKS using the spanning tree weights is defined as follows

: 3 y3
Ming, o Ejle

j:lek[ln Eﬂf — 7T]' + 7Ti]2 (25)

where wj, = 1 if country j is directly connected to country £ and zero otherwise. To see
that the indexes by chaining across the spanning tree and from weighted GEKS for the

above problem are the same, note that we can write (25) as
]\42.7’L7r17ﬂ—2,71-3 Q[IH F12 - (7'('1 - 7T2)]2 + 2[111 Fgg - (7'('2 — 7T3)]2. (26)

Taking derivatives with respect to m,m and 73 we can write

—2[1HF12 — <7T1 — ’7T2)] = 0
2[In Fiy — (m — m2)] — 2[In Fy3 — (mg — m3)] = 0 (27)
2[In Fog — (my —m3)] =0

From the first and the last equations in (27) we have
7T12:7T1—7T2:111F12 (28)

7T23:7T2—7T3:11'1F23. (29)

Adding these (28) and (29) results in
T3 = M — T3 = In Flo + 1n Fos (30)

which proves the claim for 3 countries.

Now assume that the claim is true for any spanning tree defined on M — 1 countries,
then we can prove that the claim is true for M countries. We start with the fact that if
we have a spanning tree for M countries, there must be a country that is only connected
to one other country, and the remaining M — 1 countries are connected by a spanning tree
defined on this subset. Without loss of generality assume that this country is country-1

that is connected to country-2 and let country [ be the base country. Then the equivalent
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weighted GEKS indexes can be written as
Mz'nmw_’ﬁM Ej]\i22§\/i2wjk[hl F]k — Ty + 7T7;]2 —+ [h'l F12 — T+ 7T2]2. (31)

Taking derivatives with respect to m; for j = 1,..., M we have

(

—2[In Fio — (my —m) + (me —m)] =0

%Zjﬂizzjj‘gwjk[ln F}k — Ty + 7Ti]2 + 2[111 F12 — T+ 7T2] =0

2SS willn Fy — m + mi]? = 0 (32)

o)
\ 9rar ZinQEinijk[ln ij — Ty + 7Tk]2 =0

Note that from the first equation in (32), we can write 2(In Fy5 — m; + m;)* = 0. There-
fore equation 2 to M are first order conditions of the following weighted GEKS problem
(independent of 7).

Mgy x zjfgzjﬂgwjk[ln Fj, — mj + m)? (33)

But we know that there is a path in the spanning tree that connects countries 2 to M and
therefore the claim is true for moy; to my; . It only remains to show that the proposition is

also true for my;. Note that from equation-1 we can write
InFio — (m —m) + (m —m)] = 0 = 7y = In F}2 (34)

which proves the proposition because country-1 is only connected to country-2 and the

claim is true for mq.

B: Proof of Proposition 1

Proposition 1: As x rises, the weighted-GEKS method based on the weights matrix in
(15) converges on the minimum-spanning-tree method defined on the distance metric Dy,

or any monotonically increasing function of Djy.
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Proof: The weighted-GEKS method starts from a complete graph consisting of K
vertices and K (K — 1)/2 edges, where K is the number of countries in the comparison.
Each country is represented by a vertex and each bilateral comparison between a pair
of countries by an edge. Each edge has a weight. For example, the weight on the edge
connecting countries j and k is wj, which is equal to wy;. Let the edges be ordered by
the size of their weights from smallest e; to largest ex(x_1)/2. The ratio of the weights on
adjacent edges in the ordering is as follows: (w;,1/w;)*. This ratio can be made arbitrarily
large by increasing x.

Here a cycle is defined as a path that begins and ends at the same vertex and passes
through two or more edges with no repetitions of edges or vertices other than the repetition
of the starting and ending vertex. Consider now any cycle within the complete graph that
includes e;. By increasing z, the weight attached to e; in the weighted-GEKS formula can
be made arbitrarily small relative to that of the edge with the second smallest weight in
that same cycle. Hence as x rises, e;’s impact on the comparison between the countries
in the cycle tends to zero. The same holds for any other cycles involving e;. In the limit,
therefore, the deletion of the edge with weight e; from the graph will not affect the weighted
GEKS price indexes. The same reasoning can now be applied to the second smallest edge
es, and then to es, etc. As long as there exists a cycle containing edge e;, and e; is the
smallest remaining edge in the graph, then in the limit edge e; can be deleted without
affecting the weighted GEKS price indexes. If e; does not appear in any cycles then it
cannot be deleted from the graph since it is required to keep all the vertices connected.
The edge with weight e; is retained, and the focus then shifts to the next smallest edge
€it1-

Eventually a point is reached at which all cycles have been removed from the graph.
The resulting graph contains exactly K — 1 edges. For example, supposing there are 5
countries in the comparison, the outcome could be a graph with the weights matrix W, in
(35). In Wy, the edge connecting countries 1 and 2 has a weight of a, the edge connecting
countries 1 and 4 has a weight of b, etc. In a price index setting, once there are no longer any
cycles in the graph, the weights on the edges are irrelevant (as long as they are positive).

In other words, W4 and Wpg in (35), when inserted into the weighted-GEKS formula, will
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generate exactly the same price indexes, irrespective of the values the parameters a, b, ¢

and d (all positive) in Wy.

0 a 0b 0 010710

a 000 0 10000
Wa=|000 ¢ 0 Wg=100010 (35)

b 0 c 0 d 10101

000doO 000710

In terms of edge deletion, the algorithm just described for generating VW, is the reverse-
delete algorithm for computing the minimum-spanning tree defined on D;; (again see
Kruskal 1956). Given that the weights on the remaining edges in W, do not matter, when
inserted into the weighted-GEKS formula, W, generates the same price indexes as the

minimum-spanning-tree method.

C: Foundations of LPS and WRPD as Spatial Chaining Criteria

Foundations of LPS
The following text builds on Deaton (2012). A bilateral version of the CPD model writes

the logarithm of the price of heading n in countries j and k as the sum of three components:
lnpjn =y + Bn + 5?71’ (36)

In prn = o + B + €0, (37)

where oy, is a country effect, (3, is a heading effect, and 5% and 5in are residuals. It should
be noted that the size of the residual in country j depends on which country k it is being
compared with.

Laspeyres and Paasche price indexes can be written as follows:

N
Pin
Pi=3 s (B2),

n=1 pjn
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3o (22)

n=1

where sj, and sy, are the expenditure shares of heading n in countries j and k. It follows

from (36) and (37) that ’
]ﬂ _ exp(ozk) eXp<6?€n)
Pin  exp(ay) exp(ef,)

(38)

Substituting this expression into the Laspeyres and Paasche formulas, the logarithm of the

Paasche-Laspeyres spread can be written as follows:

+1n

n=1

N
In(Pf/Pf) = In [Z s expleh, = <)

N .
Z Skn exp(el, — efm)] .

n=1

Taking a second order expansion of exp(e{m — 5;?”) yields the following:

In(P%/Pf) ~ In

N E )2
k n kn
1+ E :SJTL(Ejn - €kn § :SJ"
n=1

N J \2
1 — € n)
+1In 1+Zskn(6{m +Zskn : ]
n=1
N N k J 2
~ i k anl(sjn + Sk‘n)(gjn - Ekn)
N N
3 s ~ L)
m=1n=1

N N k 7 \2
. Sin+ S g, — &
E Sjn Skn gkn 6;11) Znil( A ;n)( Jn kn) .

This same formula is derived by Deaton (2012) except that the residuals in Deaton’s
formulation are not explicitly bilateral in nature.

Taking expectations we obtain that
E [In(Pf/PR)] = (07)* + (07)® — 204, (39)

where it is assumed that the errors are independently and identically distributed across
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headings n.

Consider now the Jevons price index formula:
N pin\ ! /N
v
n=1 pjn
If we assume again the CPD price structure in (38), then

N
1 k
jk - N Z v — ) <5Im gjn)} :
n=1
Assuming again that the errors are independently and identically distributed across head-

ings, the variance of the logarithm of the Jevons index can be written as follows:

varlln(PL)] — (0%)2 + (0])? - 20]-;@'

It follows that
E [In(P, k/P;Z)] ~ N x var[ln(ij{g)].

Jevons price indexes are transitive. In other words, In P i+ 1n P} =1In PJ{ . Once the
expenditure weights across countries and headings are allowed to differ, the price index
ceases to be transitive. In this more general case, the sum of the logarithms of the Paasche-
Laspeyres spreads along a chain path can still be interpreted as an approximate measure

of the variance of the chained price index.
Elln(Pji/Pi)] + Elln(Pg/Py)] = Nlvar(In Pj) + var(In Py)],

where Pj; is a superlative formula such as Fisher or Térnqvist. This equation can be

rewritten as:
E[In(P; k/P]}Z)] + Elln(P5/PL)] ~ N[var(In Py, +1In Py) — 2 cov(In Py, In Py)].  (40)

The covariance term in (40) should be negative. Suppose for example that In(Pj;) is larger
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than average. This increases the likelihood that In(Fy,;) is smaller than average.

When the covariance is negative, it follows that
E[In(Pj/Pj)] + E[In(Pj/P)] > Nlvar(In Pj + In Py)],
and hence that
ElIn(P}/ PRI+ E[n(BE/PE)] < En(Pj/PL) = var(in PytIn Pu) < var(in Py). (41)

This suggests that the chained LPS being smaller than the direct LPS is a sufficient con-
dition for preferring a chained comparison between countries 7 and [ via country k to a

direct comparison between j and [.

Foundations of WRPD
Our three weighted relative price dissimilarity (WRPD) metrics described in section 3 are

defined as follows:

N N 2 PF s p 2
Sjn Sk,n Pk.n ik Jin
Wiy = ( J : > SO I I (el LR LU | ,
’ ; 2 Pﬁc X Pjn Pkn
N F
8‘n+3kn Pk.n P-kijm
W2 = <¥) —or |+ L LI RN ’
’ nZ:; { 2 Pl X pjn Dk.n
2
n Pk
Pf; X Djn

Using the CPD price structure in (38), the ratio of the true price indexes a; and oy,

N
Sjn + Skn
Wi =3 (_a’ ' k)

n=1

can be approximated by a superlative price index such as Fisher or Tornqvist (see Diewert
1976, 1978). We have that

exp(ay, — ;) ~ Pl ~ P
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Using Fisher as our reference, rearranging (38) yields the following expression:

Pk
F )
ij X Pjn

= exp(&tin — sfn)

Again taking a second order expansion of exp(e}, — eh.), we now obtain that

J k \2
Dk.n j k (€ — 5jn)
—— — 1= (g, —€5,) + ————— (42)
Py X Pin S 2
Similarly, a second order expansion of exp(s?n — 5fm) yields
PE x p; , ek — el )2
%_1% (5§n—5in)+%- (43)
n

Substituting (42) and (43) into the W1, formula

N j k2 2 k i2\ 2
~ Sjn + Skn j k (Skn - 6jn> k j <€jn - €kn)
Wi, ~ Z <—2 ) ((dm — &) + — 5 + | (€0 — 1) + ——

n=1

N -
= 30| () e - b+ R4

n=1
where R(3+) denotes the sum of all terms (¢, — el )" for n > 3. Setting R(3+) = 0, we
obtain that

W1szz K‘SJ”“’“‘) @n_g;?ny]. (44)

Substituting (42) and (43) into the W2, formula

wann S () (18- g BB o (-4 B |

n=1

fé{(%”+3“)<dm—eﬁf]- (45)

With regard to W3 for reasons that are explained in section 3 we use Tornqvist

rather than Fisher as our reference superlative price index. In addition, we make use of
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the following second order approximation result:

2 012

1 Pk.n —~ Pkn 1 1 Pkn 1

"\ PT TI\PT xp.. ) 2\PT xp,. ’
jk X Pin jmn * Pin jmn * Pin

Now using (42) it follows that

N j k \2 k i2\ 2
Sint Skn i (8n_€'n> 1 i (g'n_gn)
a2 (25 <(5?“"_5§">+%>‘§<(€§"_€i“>+% ,

n=1

_ i‘: { (—Sﬂ%n ! Skm) (] — 2502 + R(3+)]2} .

Again setting F(34) = 0, we obtain that

N
~ Sjn t Skn j E \2
W3, =~ ; {(—j 5 ) (e — Ein) ] ) (46)

Comparing (44), (45), and (46), it can be seen that

Wi
2

~ W2jk ~ W?)jk

Taking expectations and comparing with (39) we obtain that

E(W1)

5 = B(W2) » E(W3j) ~ B [In(Pi/Pi)] & (07) + (0])° — 205

Hence it follows from (41) that for each of W1, W2, and W3:

E(W,,) + E(Wy) < E(Wj;) = var(In Py, + In Py) < var(ln Py).
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D: The Country Product Dummy (CPD) Method as a Form of
Spatial Chaining

As is made clear in section 6, the CPD method plays a crucial role in ICP at the product
level expenditure weights are not available. In the case where the price tableau is complete
(i.e., every country prices every product), CPD reduces to Jevons price indexes:

H (pkn) m 7

ne1 \Pbn
where b and k are countries, and n indexes the products in the comparison. The Jevons
indexes are transitive when all countries are pricing the same list of products.

In the case where there are gaps in the price tableau, things are more complicated.
Consider the scenario depicted in Figure D1. In this example there are five countries, and
ten products. Country A prices products 1-4, country B products 1-6, country C' products
5-9, country D products 7-10, and country E only product 10. It follows that country
A can be compared directly only with B, B directly only with A and C', C only with B
and D, D only with C' and F, and E only with D. Nevertheless, CPD is able to make a
multilateral comparison involving all five countries. The only way to compare countries A
and C for example is by chaining via country B. CPD in this case is equivalent to chaining
Jevons price indexes (where each bilateral comparison is made over the maximum possible
overlap of products) across a chain graph (see Figure 1) that links the countries in the
following order: A, B,C, D, E. This equivalence in Figure D1 between CPD and a chain
graph is proved below for the more general K country case.

Figure D1 is an example of a more general principle. CPD is equivalent to chaining
Jevons indexes across a spanning tree when the countries are connected and for each pair
of countries one of the following conditions is satisfied:

(i) there is no overlap of products.
(ii) when there is an overlap only these two countries price these products.
In case (i), the edge between this pair of countries is excluded from the graph. In case (ii),

the edge is included.
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Figure D1: An Incomplete Price Tableau that Makes Country-Product Dummy (CPD)
Engage in Spatial Chaining

Country Country Country Country Country

A B C D E
Product 1 i °
Product 2 i i
Product 3 d d
Product 4 i i
Product 5 d i
Product 6 L L
Product 7 d ¢
Product 8 i d
Product 9 i i
Product 10 o ¢

The CPD method is equivalent here to chaining Jevons indexes across the Chain Graph
(A-B-C-D-E).

When some products are priced by three or more countries, then CPD is no longer
equivalent to chaining Jevons indexes across a spanning tree. Nevertheless, whenever there
are gaps in the price tableau, implicitly some form of spatial chaining takes place. The
comparisons between pairs of countries are affected by third countries not just so as to
impose transitivity, but also to enhance the bilateral comparisons.

More generally, consider now the case of M countries indexed by j =1,..., M, and
i =1,..., N products. it is assumed that only every adjacent pair of countries [j,j + 1]

shares N; products together. The situation has been depicted below.

Proposition 2: The PPP exchange rates computed for the above problem using the coun-
try product dummy method (CPD) and chaining across a spanning tree with the countries

ordered chronologically are equal.
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Figure D2: An Overlapping Chain of Product Lists Across Countries

] €&——countiies—> M

s Items

N2

N1

Proof: Let p;; be the price of the i-th product in the j-th country, P, the log of
world average price for the i-th product and 7; the j-th countrys log PPP exchange rate.
Then we can write the CPD model as

Without loss of generality, consider the M-th country as the base (which implies
Tm = 0). Rao and Hajargasht (2016) have shown that the least square estimate for
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P =[P,..., Py] and m = [my, ..., mp—1]’ can be obtained as

P

A~

— (R'WR)'R'Wlp

i'RI
where R’ = Ty . W = Diag(d;;) is an M N by MN matrix with d;; equal to 1 if

Ly Qi)
i-th product is priced in country j, and equal to 0 otherwise. Rao and Hajargasht (2016)

also show that

M, 0 0 0 di di -1
0 M2 0 0 d2 1 d2 M-1
R'WR — 0 0 0 My  dna dn,pm—1
di dyi N 0 0
dy dn2 0 N 0
_dl,Mfl R dN,Mfl 0 . NM,1 ]

Using the formula for the inverse of partitioned matrices it can be shown that

D;! —AD,!

(R'WR) ™" =
-D;'A Dyt

where Dy = Diag(My) — [Sp1" ©50tt] Dy = Diag(My) — [S, 2|
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Inpy1 + Inpoy

R'WP = £ I
SN Inpi + S22 Inpi

Naso Naso
_Ei:’\f “Inpinr—1 + 3,2 Inpig

Define G, = NLka-V:jl ln(%) as the geometric index of country 7 with respect to country
J 7
k where N;; is the number of commodities in common between the two countries. Using
some tedious algebra it can be shown that for the CPD model
ﬂfl = 2]]\111 j,g+1 7f2 = Ej]\iglGjJ_H ..... TM—-1 — GM—I,M (48)
Note that given the way we have set-up the countries, the only possible spanning tree is

by connecting countries 1 to 2to 3 ... to M —1 to M and therefore based on the spanning

tree method we also have
A M-—1 A M-—1 ~
T = Zj:l Gj,j—i—l Ty = Zj:Q Gj7j+1 ..... TM—-1 — GM—l,M (49)

which proves that the indexes obtained through CPD and the spanning tree are equal for
this problem indicating that the CPD method also uses chaining while computing indexes

for countries that do not have products in common.
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E: PPP Exchange Rates and Real Incomes

Table E1: ICP 2011 Purchasing Power Parity (PPP) Exchange Rates for
Household Consumption (USA=1)

A B C D E F G H I J

A B C D E F G H I J
DZA 32.70 33.14 33.98 32.84 33.96 37.11 33.00 34.51 31.80 3177
AGO 79.15 87.38 76.37 77.94 76.37 70.18 76.53 76.83 74.62 73.83
BEN 246.44 258.84  233.36 241.96 237.36  233.23  232.65 237.61 22834  224.92
BWA 4.68 5.09 4.65 4.66 4.74 4.45 4.68 4.76 4.47 4.44
BFA 244.71 229.92  229.26 240.62 235.31  226.79  231.30 234.47  230.13  222.24
BDI 616.23 599.35 553.18 603.18 533.87 557.91  504.26 532.76  494.77  487.33
CMR 254.16 266.59  244.95 255.62 252.17  250.24 242.84 251.69 235.09 230.38
CPV 49.19 50.52 49.20 48.48 50.91 48.54 49.60 51.08 47.45 47.57
CAF 293.37 323.47  276.46 288.88 286.95 282.94 274.68 280.97 270.71  267.87
TCD 269.63 291.54  260.24 266.94 268.93  262.75  258.28 266.70  250.09  251.30
COM 236.46 258.29  230.28 236.55 235.65 225.35 231.53 234.38  214.55  220.57
COG 322.57 306.12  302.55 307.85 316.57  316.59  307.52 315.03  290.40  296.50
COD 559.09 545.39  554.57 556.97 573.48 573.42  559.87 575.13 531.26  537.73
CIV 271.00 284.26  253.64 265.27 249.92 242,40 243.46 251.67 234.78  235.69
DJI 111.01 130.95 109.38 111.16 104.97 98.76  104.10 105.46 99.65 101.48
EGY 1.64 1.64 1.76 1.61 1.77 1.77 1.84 1.78 1.74 1.80
GNQ 347.11 333.33  326.75 332.95 340.79  343.24  331.76 339.83  306.09  321.35
ETH 5.42 7.47 5.53 5.46 5.71 5.59 5.62 5.70 5.34 5.44
GAB 351.60 372.79  355.08 351.65 379.72  383.01 368.56 379.15  351.71  359.22
GMB 10.67 11.87 11.26 10.73 11.35 11.39 11.22 11.43 10.33 10.83
GHA 0.77 0.83 0.79 0.77 0.84 0.85 0.81 0.84 0.75 0.79
GIN* 2.62 3.09 2.59 2.62 2.79 2.89 2.65 2.75 2.47 2.57
GNB 258.52 289.13  259.01 257.86 261.96 258.86  255.81 263.20 24391 248.24
KEN 36.42 36.86 36.19 36.35 36.60 35.16 36.54 37.07 35.28 35.43
LSO 4.03 4.00 4.03 4.06 4.08 3.79 4.02 4.10 3.87 3.86
LBR 0.66 0.73 0.60 0.65 0.59 0.59 0.58 0.59 0.54 0.57
MDG 763.19 842.28  717.32 740.54 735.99 732.03 728.43 738.96  722.13 704.91
MWI 82.06 96.80 80.54 81.87 82.93 77.78 80.80 83.23 76.52 78.02
MLI 235.24 234.42  232.58 237.91 240.65 229.76 231.44 240.57 224.16  221.87
MRT 124.67 128.60  120.59 122.94 121.22  115.14 117.48 120.66  114.73  112.81
MUS 20.44 21.10 19.54 20.15 19.34 17.34 19.23 19.33 18.35 18.29
MAR 4.35 4.15 4.27 4.28 4.36 4.04 4.33 4.38 4.14 4.19
MOZ 16.23 14.96 15.91 16.08 16.56 16.45 16.09 16.63 15.75 15.53
NAM 5.16 5.23 5.17 5.14 5.40 5.41 5.25 5.40 4.97 5.13
NER 251.03 264.54  236.73 246.26 246.96 239.74 237.76 245.56  228.48  228.75
NGA 83.43 89.00 82.24 82.23 83.85 85.42 81.26 83.83 76.77 79.53
RWA 314.69 306.08  282.50 308.03 264.83 284.91 264.46 266.86 249.73  246.83
STP* 11.26 11.48 10.58 10.74 10.83 10.76 10.54 10.85 10.21 10.19
SEN 266.69 277.84  253.63 260.37 261.93 248.76  254.40 260.55 245.73  246.11
SYC 8.31 8.57 7.82 8.19 8.20 7.85 8.14 8.19 7.90 7.90
SLE* 1.72 1.93 1.81 1.70  1.89 1.85 1.83 1.89 1.66 1.77
ZAF 5.15 5.04 5.08 5.16 5.28 5.05 5.26 5.32 5.07 5.07
SDN 1.50 1.51 1.47 1.48 1.54 1.50 1.50 1.54 1.45 1.49
SWZ 4.30 4.29 4.19 4.25 4.25 4.09 4.21 4.24 4.05 4.05
TZA 648.57 657.43  630.48 643.49 616.51 594.00 608.26 618.95 593.20 585.52
TGO 262.76 294.07  241.23 255.81 251.42 241.54 24298 249.64 228.20 232.21
TUN 0.70 0.70 0.69 0.69 0.71 0.69 0.70 0.71 0.68 0.70
UGA 1045.84  1177.77  996.31  1040.55 1001.86 986.21 989.64 1018.45 943.12 946.89
ZMB* 2.70 3.26 2.63 2.69 2.67 2.50 2.60 2.68 2.54 2.51
ZWE 0.62 0.67 0.58 0.59 0.58 0.55 0.56 0.58 0.55 0.54
BGD 24.94 26.84 24.54 24.80 23.92 24.80 24.48 23.97 23.68 24.85
BTN 16.39 16.33 16.71 16.58 17.29 17.07 17.02 17.27 16.51 16.96
BRN 0.88 0.83 0.87 0.87 0.88 0.86 0.89 0.88 0.86 0.85
KHM* 1.50 1.51 1.52 1.49 1.60 1.55 1.55 1.59 1.48 1.53
CHN 3.58 3.53 3.67 3.59 3.77 3.69 3.73 3.77 3.60 3.70
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Table E1: ICP 2011 Purchasing Power Parity (PPP) Exchange Rates for
Household Consumption (USA=1) (continued)

A B C D E F G i T J
FJl 122 120 120 12l 126 123 124 127 121 122
HKC 6.05 611 58 597 58 578 579 58 560  5.75
IND 1523 1505 1518 1505 1520 1511 1534 1514  15.02  14.98
IDN* 413 436 408 407 418 412 415 421 403 4.09
LAO* 302 295 291 295 292 308 295 294 282 291
MAC 535 544 552 535 552 551 548 555 525 546
MYS 160 157 158 159 165 161 162 165 156 159
MDV 9.20 933 956 924 1107 1078 1083 1114 1040  10.68
MNG 62653 651.95 608.36 617.33 620.90 594.96 614.30 621.59 580.73  590.33
MMR ~ 273.39 27458 273.12 271.60 285.48 20576 282.95 286.44 26522 275.83
NPL 2583 2744 2536 2567 2608 2602  25.60 26.07  25.67  25.76
PAK 2561 2606 2545 2555 2634 2615  25.81 2646 2472 25.41
PHL 1955 19.73  19.05  19.07  19.64  19.10 1922 1974 1828 1887
SGP 120 12 117 L1917 115 119 118 115 117
LKA 4233 4551 4188 4207 4332 4229 4291 4343 4100  42.22
TWN 1539 1547 1601 1540 1598 1563 1611 1597 1554  15.99
THA 1238 1272 1263 1228 1301 1299 13.00 13.13 1258  12.84
VNM* 828  7.86  7.63 787 791 785  T.06  T.90  T.31  T.62
ARM 17548 17548 165.61 170.88 181.98 179.98 175.34 180.92 160.47 183.78
AZE 032 032 031 031 032 033 032 032 031  0.33
BLR* L74  L72 164 169 182 18 170 181 171 183
KAZ 6740 6595 7561  67.94 79.84 8210 77.91  79.76  74.95  83.61
KGZ 1637 1636 1566 1599 1749  17.88 1655 17.34  15.75  17.54
MDA 532 533 486 506 528 539 512 527 495 545
RUT  17.84 17.82 1697 17.35 1669 1685 16.33  16.58  15.88  16.77
TJK 179 175 167 L7T 186 189  L75 184 175 188
UKR 280 269 297 284 333 339 317 330 304 331
ALB  60.10 6190  56.50  58.74 5836  59.65  56.25 5820 5478 5817
AUS 153 155 150 152 155 153 154 155 146 153
AUT 0.84 08 084 084 08 08 08 087 083 085
BEL 0.90 090 08 08 090 08 080 090 085  0.88
BIH 0.90 094 08 08 090 091 089 090  0.86  0.87
BGR 080 08 077 078 08 08 079 081 076  0.77
CAN 131 131 132 131 131 131 130 132 124 128
CHL  400.74 41348 387.23 39628 407.79 402.79 400.10 407.38 382.24 391.64
HRV 468 469 460 458 455 437 455 451 440  4.36
CYP 0.74 075 072 074 075 072 073 074 071 071
CZE 1595 1609 1512 1547 1538 1510 1504 1544 1450  14.90
DNK 856 865 823 843 87l 859 860 871 818 852
EST 0.63 063 06l 062 062 062 062 063 058 061
FIN .00 101 095 098 100 1.0l 100 100 095 098
FRA 0.88 090 087 08 090 089 080 090 084 0.8
DEU 083 08 08 08 084 08 08 084 079  0.82
GRC 081 08 077 079 078 076 077 079 076  0.76
HUN 14623 149.04 14224 143.75 14470 144.19 142.37 145.64 138.08 137.88
ISL 14617 147.35 137.56 144.56 14523 14164 14128 144.69 134.64 138.89
IRL 095 097 094 095 096 095 096 097 092 095
ISR 434 459 423 424 436 432 431 438 414 4.27
ITA 0.84 08 08 084 084 084 084 085 080  0.83
JPN 11502 11625 11519 11402 11871 11462 117.53 119.08 117.65 116.10
KOR  948.30 949.53 91840 932.36 963.72 890.02 95843 966.05 923.87 912.02
LVA 043 043 041 042 042 041 041 042 039  0.40
LTU 187 1.8 180 1.8 179 181  L76 180 169 179
LUX 104 104 109 105 099 098 099 099 107  0.99
MKD  23.62 2461 2233 2304 2334 2374 2291 2348 2219  22.94
A 0.68 069 067 067 066 065 067  0.67  0.64  0.63
MEX 874 906 842 851 898 915 863 903 843 894
MNE 047 048 045 046 047 047 046 046 044 045
NLD 089 089 087 08 08 085 085 088 083 087
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Table E1: ICP 2011 Purchasing Power Parity (PPP) Exchange Rates for
Household Consumption (USA=1) (continued)

A B C D E F G H I J
NZL 1.57 1.57 1.57 1.57 1.63 1.59 1.61 1.62 1.52 1.59
NOR 10.13 10.18 9.68 9.82 10.21 10.02 10.01 10.17 9.32 9.80
POL 2.01 2.04 1.91 1.97 1.97 1.94 1.92 1.97 1.85 1.94
PRT 0.72 0.71 0.68 0.70 0.72 0.70 0.71 0.72 0.67 0.70
ROU 2.11 2.15 1.99 2.07 2.09 2.12 2.03 2.09 1.95 2.00
SRB 47.10 47.92 44.88 46.38 47.08 46.81 46.51 47.42 44.54 45.37
SVK 0.60 0.61 0.57 0.59 0.59 0.58 0.58 0.59 0.55 0.57
SVN 0.70 0.69 0.70 0.70 0.70 0.69 0.69 0.70 0.67 0.68
ESP 0.78 0.79 0.76 0.77 0.79 0.77 0.78 0.79 0.76 0.78
SWE 9.35 9.40 8.88 9.10 9.31 9.25 9.17 9.32 8.82 9.11
CHE 1.58 1.60 1.54 1.55 1.59 1.59 1.58 1.59 1.55 1.61
TUR 1.23 1.26 1.17 1.20 1.21 1.23 1.20 1.21 1.15 1.16
GBR 0.77 0.78 0.76 0.77 0.77 0.78 0.77 0.77 0.73 0.76
USA 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
BOL 2.75 3.34 2.86 2.71 3.04 2.95 2.97 3.05 2.83 2.91
BRA 1.65 1.71 1.58 1.61 1.74 1.73 1.70 1.74 1.63 1.66
COoL* 1.17 1.16 1.19 1.17 1.22 1.22 1.21 1.23 1.15 1.20

CRI 356.68 380.01 347.10 352.21 361.42 356.01 354.97 362.32 345.84 343.79
DOM 21.43 22.91 20.53 20.75 21.37 20.81 20.94 21.38 20.03 20.74

ECU 0.57 0.61 0.54 0.56 0.56 0.54 0.56 0.57 0.54 0.55
SLV 0.56 0.59 0.53 0.54 0.55 0.54 0.55 0.55 0.52 0.53
GTM 4.07 4.08 3.93 3.99 4.13 3.95 4.05 4.12 3.92 3.87
HTI 22.11 22.73 20.92 21.69 21.55 21.83 21.13 21.62 20.82 20.71
HND 10.24 11.14 10.03 9.99 10.50 10.25 10.26 10.50 9.95 10.08
NIC 9.44 10.27 9.17 9.20 9.67 9.21 9.59 9.66 8.91 9.16
PAN 0.58 0.62 0.55 0.56 0.57 0.56 0.56 0.57 0.54 0.55
PRY™ 2.42 2.59 2.30 2.36 2.40 2.40 2.33 2.38 2.27 2.31
PER 1.56 1.63 1.57 1.54 1.63 1.60 1.61 1.64 1.54 1.57
URY 16.51 17.81 16.40 16.19 17.06 16.71 16.89 17.13 16.06 16.42
VEN 3.32 3.02 3.11 3.28 3.35 3.35 3.36 3.37 2.97 2.92
BHR 0.23 0.25 0.23 0.23 0.22 0.23 0.23 0.23 0.21 0.22
IRQ 592.91 593.93 570.13 580.02 608.97 617.19 591.90 606.03 570.58 573.42
JOR 0.32 0.32 0.32 0.32 0.34 0.34 0.33 0.34 0.32 0.32
KWT 0.19 0.21 0.19 0.19 0.19 0.19 0.20 0.19 0.18 0.18
OMN 0.22 0.24 0.21 0.21 0.21 0.22 0.21 0.21 0.20 0.20
PSE 2.43 2.45 2.35 2.40 2.49 2.50 2.44 2.49 2.37 2.52
QAT 2.88 3.12 2.83 2.85 2.85 2.81 2.90 2.88 2.82 2.64
SAU 1.84 1.99 1.83 1.81 1.87 1.86 1.87 1.88 1.77 1.79
ARE 2.68 3.01 2.82 2.68 2.86 2.86 2.85 2.86 2.71 2.72
YEM 78.96 79.79 79.51 78.22 85.81 85.23 85.05 85.79 79.42 82.09
IRN* 4.79 4.84 4.78 4.74 5.03 5.01 4.98 5.00 4.70 5.00
GEO 0.80 0.80 0.76 0.78 0.81 0.82 0.79 0.81 0.71 0.84

Notes: (i) The PPP methods are as follows: A = MST(LPS); B = Shortest path GEKS(LPS); C =
Weighted GEKS on union of shortest paths(LPS); D = Weighted GEKS on sum of shortest paths(LPS);
E = MST(W1); F = Shortest path GEKS(W1); G = Weighted GEKS on union of shortest paths(W1);
H= Weighted GEKS on sum of shortest paths(W1); I = GEKS; J = Official ICP 2011 Results.

(ii) The country codes are shown in Table E2.

(iii) * The PPP has been divided by 1000.
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Table E2: Country Codes in ICP 2011

DZA
AGO
BEN
BWA
BFA
BDI
CMR
CPV
CAF
TCD
COM
COG
COD
cIv
DJI
EGY
GNQ
ETH
GAB
GMB
GHA
GIN
GNB
KEN
LSO
LBR
MDG
MWI
MLI
MRT
MUS
MAR
MOZ
NAM
NER
NGA
RWA
STP
SEN
SYC
SLE
ZAF
SDN
SWZ
TZA
TGO
TUN
UGA
ZMB
ZWE
BGD
BTN

Algeria
Angola

Benin
Botswana
Burkina Faso
Burundi
Cameroon
Cape Verde
Central African Rep.
Chad
Comoros
Congo

Congo, The Dem. Rep.
Cote d’Ivoire
Djibouti
Egypt
Equatorial Guinea
Ethiopia
Gabon
Gambia
Ghana

Guinea
Guinea-Bissau
Kenya
Lesotho
Liberia
Madagascar
Malawi

Mali
Mauritania
Mauritius
Morocco
Mozambique
Namibia

Niger

Nigeria
Rwanda

Séo Tome and Principe
Senegal
Seychelles
Sierra Leone
South Africa
Sudan (Africa)
Swaziland
Tanzania, United Rep.
Togo

Tunisia
Uganda
Zambia
Zimbabwe
Bangladesh
Bhutan

BRN
KHM
CHN
FJI
HKG
IND
IDN
LAO
MAC
MYS
MDV
MNG
MMR
NPL
PAK
PHL
SGP
LKA
TWN
THA
VNM
ARM
AZE
BLR
KAZ
KGZ
MDA
RUT
TIJK
UKR
ALB
AUS
AUT
BEL
BIH
BGR
CAN
CHL
HRV
CYP
CZE
DNK
EST
FIN
FRA
DEU
GRC
HUN
ISL
IRL
ISR
ITA

Brunei Darussalam
Cambodia

China

Fiji

Hong Kong

India

Indonesia

Lao People’s Dem. Rep.

Macao
Malaysia
Maldives
Mongolia
Myanmar
Nepal
Pakistan
Philippines
Singapore

Sri Lanka
Taiwan, Prov. of China
Thailand

Viet Nam
Armenia
Azerbaijan
Belarus
Kazakhstan
Kyrgyzstan
Moldova, Rep.
Russian Federation
Tajikistan
Ukraine
Albania
Australia
Austria
Belgium
Bosnia-Herzegovina
Bulgaria
Canada

Chile

Croatia
Cyprus

Czech Republic
Denmark
Estonia
Finland
France
Germany
Greece
Hungary
Iceland
Ireland

Israel

Italy

JPN
KOR
LVA
LTU
LUX
MKD
MLT
MEX
MNE
NLD
NZL
NOR
POL
PRT
ROU
SRB
SVK
SVN
ESP
SWE
CHE
TUR
GBR
USA
BOL
BRA
COL
CRI
DOM
ECU
SLV
GTM
HTI
HND
NIC
PAN
PRY
PER
URY
VEN
BHR
IRQ
JOR
KWT
OMN
PSE
QAT
SAU
ARE
YEM
IRN
GEO

Japan
Korea, Republic of
Latvia
Lithuania
Luxembourg
Macedonia,
Malta
Mexico
Montenegro
Netherlands
New Zealand
Norway
Poland
Portugal
Romania
Serbia,
Slovakia
Slovenia
Spain
Sweden
Switzerland
Turkey
United Kingdom
United States
Bolivia
Brazil
Colombia
Costa Rica
Dominican Republic
Ecuador

El Salvador
Guatemala,
Haiti
Honduras
Nicaragua
Panama
Paraguay
Peru
Uruguay
Venezuela
Bahrain

Iraq

Jordan
Kuwait
Oman
Palestinian Territory
Qatar

Saudi Arabia
United Arab Emirates
Yemen

Iran

Georgia
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Table E3: ICP 2011 Real Per Capita Household Income (Based on PPP-
Exchange Rates for Household Consumption) in US Dollars

A B D D E F G H I J
DZA 3870 3818 3724 3853 3725 3410 3834 3667 3979 3983
AGO 3193 2892 3309 3242 3309 3601 3302 3289 3387 3423
BEN 1173 1117 1239 1195 1218 1240 1243 1217 1266 1286
BWA 5111 4703 5154 5135 5054 5386 5112 5033 5359 5396
BFA 763 812 815 776 794 824 807 797 812 840
BDI 425 437 473 434 490 469 519 491 529 537
CMR 1870 1783 1940 1859 1885 1899 1957 1888 2022 2063
CPV 3778 3678 3777 3833 3650 3828 3747 3638 3917 3907
CAF 703 638 746 714 719 729 751 734 762 770
TCD 1226 1134 1271 1239 1230 1259 1280 1240 1322 1316
COM 525 481 539 525 527 551 536 530 579 563
COG 1163 1225 1240 1218 1185 1185 1220 1191 1292 1265
COD 378 388 382 380 369 369 378 368 398 393
CIvV 1519 1448 1623 1552 1647 1698 1691 1635 1753 1746
DJI 1354 1148 1375 1353 1432 1522 1444 1426 1509 1482
EGY 7913 7952 7403 8071 7355 7371 7091 7303 7469 7218
GNQ 4018 4184 4268 4189 4092 4063 4204 4104 4556 4340
ETH 866 628 849 859 821 839 836 824 878 863
GAB 5215 4918 5164 5214 4828 4787 4975 4836 5213 5104
GMB 1066 959 1010 1060 1002 999 1014 995 1101 1051
GHA 1906 1765 1853 1901 1752 1735 1822 1753 1954 1868
GIN 688 583 697 687 645 624 681 655 730 701
GNB 778 695 776 780 767 776 786 764 824 810
KEN 1521 1503 1531 1524 1513 1575 1516 1494 1570 1563
LSO 2011 2029 2013 1995 1987 2138 2018 1977 2097 2098

LBR 475 427 522 483 529 530 537 527 584 551
MDG 1096 993 1166 1130 1137 1143 1148 1132 1158 1187
MWI 842 713 857 844 833 888 855 830 903 885
MLI 854 857 863 844 834 874 868 835 896 905

MRT 1537 1490 1589 1559 1581 1664 1631 1588 1670 1699
MUS 8882 8602 9291 9007 9388 10469 9440 9391 9889 9927
MAR 3366 3528 3428 3427 3365 3625 3382 3343 3539 3495

MOZ 748 812 763 756 733 739 755 730 771 782
NAM 4665 4602 4651 4684 4459 4449 4582 4452 4843 4689
NER 581 551 616 592 590 608 613 594 638 637
NGA 1685 1580 1709 1710 1677 1646 1730 1677 1831 1768
RWA 924 950 1029 944 1098 1020 1099 1089 1164 1178

STP 2592 2544 2758 2719 2695 2714 2771 2691 2860 2864
SEN 1560 1497 1640 1598 1588 1673 1635 1597 1693 1691
SYC 9600 9303 10198 9740 9728 10163 9799 9735 10098 10102
SLE 1085 963 1031 1096 986 1004 1016 987 1119 1053
ZAF 6670 6807 6751 6645 6495 6789 6530 6455 6767 6772
SDN 2047 2037 2085 2075 1996 2045 2056 1998 2122 2069
SWZ 4854 4864 4979 4907 4913 5099 4960 4925 5148 5152
TZA 828 817 852 834 871 904 883 867 905 917
TGO 912 815 993 936 953 992 986 960 1050 1031
TUN 5716 5713 5792 5846 5667 5846 5699 5674 5906 5758
UGA 1046 929 1098 1052 1092 1109 1106 1074 1160 1156
ZMB 1442 1194 1480 1446 1457 1557 1497 1453 1535 1555
ZWE 977 914 1043 1024 1043 1100 1078 1051 1101 1134
BGD 1916 1781 1947 1927 1998 1927 1952 1994 2018 1923
BTN 3236 3248 3173 3199 3068 3107 3117 3072 3212 3127
BRN 11846 12483 12008 11906 11787 12152 11616 11804 12041 12190
KHM 1945 1929 1916 1959 1820 1881 1874 1834 1966 1907
CHN 3388 3435 3304 3372 3214 3285 3245 3210 3363 3277
FJI 4579 4344 4686 4649 4441 4559 4538 4414 4632 4611
HKG 28643 28341 29847 29001 29749 29986 29913 29696 30914 30104
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Table E3: ICP 2011 Real Per Capita Household Income (Based on PPP-
Exchange Rates for Household Consumption) in US Dollars (continued)

A B C D E F G H I J
IND 2626 2657 2635 2659 2631 2648 2609 2642 2664 2672
IDN 4071 3857 4122 4128 4023 4086 4054 3994 4175 4110

LAO 1905 1951 1980 1954 1968 1869 1952 1956 2040 1975
MAC 20297 19977 19693 20317 19676 19717 19825 19574 20679 19887
MYS 9027 9201 9134 9103 8753 8956 8899 8760 9256 9105
MDV 3403 3358 3275 3388 2830 2905 2892 2812 3012 2934
MNG 4102 3942 4225 4163 4139 4320 4184 4135 4425 4354
MMR 1742 1735 1744 1754 1668 1610 1683 1663 1796 1727
NPL 1629 1533 1659 1639 1613 1617 1644 1614 1639 1633
PAK 3464 3404 3486 3473 3368 3392 3437 3353 3588 3491
PHL 3875 3839 3975 3971 3855 3965 3940 3837 4144 4013
SGP 20856 20663 21461 21100 21434 21863 21151 21191 21904 21444
LKA 5171 4810 5227 5203 5053 5176 5101 5040 5339 5185
TWN 23047 22921 22147 23020 22191 22687 22015 22208 22811 22169
THA 7259 7068 7118 7321 6911 6920 6914 6847 7146 6998
VNM 2252 2373 2443 2371 2359 2376 2404 2362 2550 2446
ARM 5973 5973 6329 6134 5760 5824 5978 5794 6532 5704
AZE 6649 6647 6964 6806 6605 6481 6634 6620 6902 6507
BLR 8577 8716 9124 8847 8197 8046 8770 8268 8720 8160
KAZ 10566 10800 9419 10482 8921 8674 9141 8929 9503 8518
KGZ 2770 2772 2896 2836 2593 2537 2741 2615 2880 2586
MDA 4198 4189 4598 4416 4231 4144 4358 4237 4509 4097
RUT 10742 10756 11292 11048 11483 11374 11735 11556 12071 11429
TIK 2334 2384 2490 2362 2246 2202 2389 2263 2379 2215
UKR 6853 7116 6447 6749 5757 5659 6048 5806 6307 5785
ALB 6049 5874 6436 6190 6230 6096 6463 6248 6638 6251
AUS 22208 21913 22694 22360 22013 22246 22143 21944 23226 22288
AUT 23249 22845 23212 23344 22609 23049 22876 22585 23455 23049
BEL 19728 19610 20190 19835 19651 19908 19831 19652 20985 20173
BIH 6406 6148 6691 6526 6397 6373 6526 6402 6747 6667
BGR 8030 7934 8257 8192 7874 7665 8047 7854 8383 8358
CAN 21662 21664 21611 21665 21694 21664 21781 21598 22904 22127
CHL 10752 10421 11127 10873 10566 10697 10769 10577 11272 11002
HRV 9877 9871 10059 10100 10164 10580 10179 10257 10518 10616
CYP 19287 19077 19792 19359 18869 19666 19488 19109 20089 19999
CZE 11562 11461 12191 11916 11991 12209 12258 11943 12717 12372
DNK 18304 18103 19032 18584 17982 18244 18216 17994 19157 18379
EST 9785 9708 9989 9902 9844 9875 9896 9762 10460 10051
FIN 19619 19407 20650 19997 19530 19408 19545 19504 20567 19917
FRA 20064 19740 20331 20119 19679 19966 19896 19702 20999 20167
DEU 22197 21915 22571 22416 21848 22111 22086 21852 23247 22398
GRC 17095 16782 17978 17345 17556 18014 17812 17536 18029 18156
HUN 10099 9909 10383 10273 10206 10242 10372 10140 10695 10710
ISL 18117 17972 19251 18319 18234 18697 18745 18303 19668 19066
IRL 17918 17681 18223 18041 17816 17950 17793 17683 18612 17949
ISR 15709 14842 16113 16083 15631 15791 15827 15564 16472 15963
ITA 18881 18648 19189 19040 18908 18928 18984 18842 19922 19311
JPN 19369 19164 19340 19538 18767 19436 18956 18708 18937 19188
KOR 13884 13866 14336 14121 13662 14793 13737 13628 14251 14436
LVA 10055 9984 10514 10260 10378 10402 10570 10318 11051 10700
LTU 11863 11777 12303 11996 12359 12271 12593 12308 13088 12416
LUX 24609 24598 23325 24210 25724 26089 25821 25732 23829 25804
MKD 7100 6815 7512 7249 7185 7064 7320 7144 7558 7313
MLT 14202 14072 14506 14569 14625 14952 14575 14530 15236 15455
MEX 9536 9196 9901 9790 9283 9105 9662 9229 9888 9322
MNE 9218 9011 9565 9265 9235 9225 9357 9254 9723 9565
NLD 18354 18245 18784 18454 18464 18522 18509 18491 19536 18732
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Table E3: ICP 2011 Real Per Capita Household Income (Based on PPP-
Exchange Rates for Household Consumption) in US Dollars (continued)

A B C D B F G H 1 J
NZL 17641 17641 17641 17641 17037 17413 17218 17051 18168 17425
NOR 22550 22445 23608 23276 22384 22801 22820 22468 24515 23322
POL 12051 11872 12667 12303 12335 12479 12608 12298 13074 12519
PRT 14703 14915 15607 15273 14736 15157 15070 14751 15945 15112
ROU 7855 7686 8303 7981 7921 7811 8152 7902 8474 8274
SRB 7222 7099 7580 7335 7226 7267 7315 7174 7638 7498
SVK 12241 11970 12888 12575 12528 12609 12740 12474 13300 12981
SVN 14501 14570 14525 14475 14417 14705 14610 14365 15132 14856
ESP 16972 16877 17587 17184 16713 17151 17013 16788 17513 17101
SWE 18915 18814 19911 19429 18996 19112 19278 18977 20060 19424
CHE 26945 26614 27766 27417 26770 26731 26994 26788 27469 26418
TUR 10172 9913 10672 10445 10291 10148 10441 10316 10896 10729
GBR 20485 20363 20923 20598 20450 20398 20444 20434 21767 20912
USA 34329 34329 34329 34329 34329 34329 34329 34329 34329 34329
BOL 3637 2991 3494 3687 3282 3383 3361 3269 3522 3436
BRA 7897 7576 8218 8071 7476 7518 7639 7472 7971 7833
COL 6919 6977 6825 6897 6620 6642 6714 6603 7055 6765
CRI 8276 7768 8504 8381 8167 8292 8316 8147 8535 8586
DOM 8528 7974 8901 8805 8551 8779 8724 8547 9124 8810
ECU 5636 5266 5892 5742 5656 5957 5703 5630 5950 5832

SLV 6198 5810 6504 6350 6260 6369 6244 6223 6579 6503
GTM 5301 5289 5482 5399 5219 5463 5320 5226 5504 5565
HTI 1509 1468 1595 1539 1548 1528 1579 1543 1603 1612
HND 3269 3005 3338 3351 3188 3267 3262 3189 3364 3321
NIC 3022 2777 3109 3099 2950 3096 2973 2953 3199 3113

PAN 8721 8199 9218 8967 8832 8987 8934 8828 9311 9154
PRY 4635 4344 4873 4753 4681 4679 4811 4709 4956 4862
PER 6364 6090 6336 6431 6085 6218 6178 6065 6434 6332
URY 10905 10109 10978 11122 10551 10775 10658 10513 11207 10962
VEN 7652 8401 8152 7742 7577 7589 7551 7534 8561 8710
BHR 15187 14040 15620 15441 15804 15605 15239 15532 17138 16419
1IRQ 3858 3851 4012 3944 3756 3706 3865 3774 4009 3989
JOR 7320 7243 7372 7387 6960 6912 6987 6943 7371 7328
KWT 17617 16288 17784 17892 17535 18124 17228 17505 19165 18653
OMN 11381 10241 11513 11483 11608 11383 11752 11519 12357 12252
PSE 3329 3309 3448 3374 3251 3233 3312 3250 3414 3209
QAT 15694 14508 15975 15876 15857 16125 15620 15687 16043 17140
SAU 13074 12089 13115 13280 12870 12890 12825 12797 13570 13457
ARE 29913 26588 28405 29904 27970 27979 28076 27973 29510 29459
YEM 2430 2405 2413 2453 2236 2251 2256 2237 2416 2337
IRN 7106 7032 7113 7177 6770 6799 6829 6804 7245 6804
GEO 5015 5015 5290 5137 4972 4890 5105 4979 5683 4789

Notes: (i) The PPP methods are again as follows: A = MST(LPS); B = Shortest path GEKS(LPS); C =
Weighted GEKS on union of shortest paths(LPS); D = Weighted GEKS on sum of shortest paths(LPS);
E = MST(W1); F = Shortest path GEKS(W1); G = Weighted GEKS on union of shortest paths(W1); H
= Weighted GEKS on sum of shortest paths(W1); I = GEKS; J = Official ICP 2011 Results.

(ii) The country codes are shown in Table E2.
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